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Abstract

The overall aim of this project is to gain an understanding of how asymptotic methods
can be used in linear water-wave theory. Furthermore these methods will be used to

develop a solution to a problem posed in Porter and Chamberlain (1997).

Porter and Chamberlain (1997) show the unsuccessful application of a regular series
expansion to demonstrate the motion of plane harmonic waves. Here we have investi-
gated how the method of multiple scales can be used to improve approximations made

with a regular series expansions, exposing the phenomenon of Bragg resonance.
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1 Introduction

Asymptotic expansions can provide us with relatively simple examples for studying cer-
tain systems in linear water-wave theory. In particular, given certain circumstances, dif-
ferent approaches within the region of asymptotics can be used where non-uniformities

are apparent.

In this report, | have attempted to recreate and thus solve a problem given in Porter
and Chamberlain (1997). Not only do | list the results and consequences, | have also
tried to make connections to the original paper, Asfar and Nayfeh (1983), which gives
the method to the problem posed. | assume a background knowledge in elementary

asymptotics, as | should have explained anything more complicated in detail.

Firstly, in section two, | work through the problem posed in Porter and Chamber-
lain (1997). This will be done, omitting only details from the paper that are not

relevant to the problem we are focusing on, in a purely mathematical context.

In section three, we rigorously go through the example given in Asfar and Nayfeh
(1983) for electro-magnetics. We do this by rst applying a regular series expansion

to the governing equations set, and upon showing that this fails, we then show that by



2 A Regular Asymptotic Expansion

2.1 General Problem

Porter and Chamberlain (1997) begin by considering a fairly general problem in linear
water-wave theory. As a base for the problem, they consider a uid that is incompress-
ible, irrotational, inviscid and time harmonic. In order to set up this problem, we can
suppose that x, y and z are cartesian coordinates with z = 0 being the position of the

uids free-surface. Our velocity potential (X;y;z) satis es9

r2 =0 (h<z<0) =
z+rph rn =0 (z= h) >
where r = (0=0x;@=@y) and = 12=g, ! being the given angular frequency and g

the acceleration due to gravity. The condition at z = 0, (the free-surface), actually
satis es a rectangular shape, therefore we know that the free surface we are modelling
is at with no perturbations. Also the bed condition at z = h tells us that there is

no normal ow at the bottom.

If h(x;y) is constant then

rph = — + — h;



2.2 Separation Solutions

Here we suppose that h is a constant and seek separation solutions. By using separation
of variables, we can nd a general solution. Begin by letting (X;y;z) = X(X;y)Z(2).

For h <z <0, our substitution transforms our equation into
Z(2)rp*X(x) + Z"(2)X(x) = 0;

and therefore

rp’X(x) _ Z"z) _
Xx)  Z@)

where is the separation constant and prime denotes di erentiation with respect to z.

If we rst consider the case for the function Z(z), we have
2%+ z@) =0 2)

There are now three separate cases to consider, according to the sign of

When =0, equation (2) becomes
z%z)=0
and for this we obtain the general solution
Z(z) = Az + B;

where A and B are constants.

We can evaluate A and B using the boundary conditions. The boundary condition

atz= his
Z'( h)y=0;
so we have

Z'C h=A:



Therefore A must be zero for the boundary condition to be satis ed at z = h. Now

we use the boundary condition at z = 0,
Z'©0) z(@)=o:
So we have

Z'0) z(0)

A (A(Q)+B);

= B;

therefore B must also equal zero for the condition at z = 0 to be satis ed. We have

found A = B = 0. When putting these values into our general solution we will obtain

Z(z) = Oz +(0);

= 0:

We can therefore deduce that & 0 as it does not give us any nontrivial solutions.

Now we can consider when > 0. For this we will let = k2, where k 2 R. Equation

(2) becomes
z2%2) +k*2@2) =0;
and the general solution for this equation is
Z(z) = Acoskz + B sinkz:

This time, we will manipulate the general solution to satisfy the boundary conditions.

So if we use the addition formula, we can then express our general solution as
Z(z) = Acosk(z + h);

which now also satis es our boundary condition at z = h. Next we use the boundary

condition for z = 0 to get
Z'©0) z(@)=o:
So we have
Z'(0) Z(0) = Aksink(0+h) Acosk(0 + h);

9



which gives us

Ak sin



Note that because is positive and real in this case, then the terms are evanescent

and can be neglected.
Now consider when < 0, for this condition we will let = k2, where k 2 R.
Equation (2) becomes
Z%z) Kz@)=o:
For this equation we have the general solution
Z(z) = Acoshkz + B sinh kz:

We can repeat the process of manipulating the solution to satisfy the boundary condi-

tion. Using the addition formula, we get
Z(z) = Acoshk(z + h): ()

This satis es the boundary condition at z = h. Next we consider the boundary

condition for z = 0,
z'©0) z@© =o:
So we have,
Z'(0) Z(0) = Aksinh k(0 + h) Acosh k(0 + h);
which gives us
Aksinhkh  Acoshkh =0;

and therefore

_ ksinhkh
~ coshkh’

which gives us

= k tanh kh: (5)

This equation is illustrated below.

11
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Figure 2: Graph of dispersion relation for <0 where =3, h=2.

As we can see from this graph, there is only one positive root. This tells us that there
is one wave propagating for k > 0. Because this function is symmetric, we also have
the same root for k, k < 0. This tells us that there is the one wave, moving both
to the left and to the right. To gain any information about how this wave is moving,
we should consider the horizontal component of the wave. For the general solution

concerning the X(x) component we have
X(x) = Ae'* + Be kX

Because in this case < 0 and the terms are imaginary, we obtain two propagating
modes. This accounts for the wave moving parallel to the x axis in both positive and

negative directions.

2.3 Localized Bed Perturbations



Now we want to approximate the bed condition in (1) to O( ). We will concentrate on
the equation at z = h, because it will be the most a ected by the new perturbation.
Note that because we are rede ning h to be a function of x, we need to revert back to
our previous boundary condition. To focus on the boundary condition at z = h(X),

we have
z+rhh rp =0;
that is
2(X; (X)) +hx x(x; h(x)) =0:

Now substitute in the bed perturbation, h(x) = hg (x), to get



where we have used the fact that xx =  zz. In order to progress, we must consider
a particular incident wave, a wave which will propagate and result in a transmitted
and re ected wave. We can use the expansion = o+ |+ O( ?) to substitute into
equation (1) to get a set of equations of O( ). To help, we can de ne the incident wave
as

0o(x;2) = e™*Z,(h; 2); )

where Zy(ho; z) is the equivalent to the boundary condition found previously in the
form Z(h; z) = Acoshk(z +h) in Porter and Chamberlain (1997). In hy <z <0, we

have

which will give us
oxx ¥ 0zz T+ ( 1xx + 1zz) +O( 2) =0

The terms at order O( ) are
xx + 12z =0 (10)

For the boundary at z = 0, we have
z =0;
and after substituting in our asymptotic expansion, we obtain
ozt 1z 0 1 +0(?)=0:

So the O( 1) terms are
1z 1= 0: (11)

It is more complicated to determine the boundary condition satis ed by ; at the bed,
since it proves to be inhomogeneous and includes terms invoking . By substituting

our regular expansion into the boundary condition
z+rhh rp =0;
we have
(o+ 1+0(*)+rph rp( o+ 1+0(%))=0;

14



evaluated at z = h(x). We can be more explicit and say
(G ho+ )+ 1206 ho+ ) x ox(X ho+ )+0O(?*)=0;
and from using Taylor series and taking the only terms necessary, this becomes
0z M)+ 0zz( ho)+ 1206 hg)  x ox(X; hg) +0O(?)=0:
The O( ') terms are
1z = x 0x 0zz = x ox+  oxx: (12)

Because equation (12) contains  we must use the incident wave, equation (9), to

complete our expression. From equation (9) we know that
ox = ike"*Z(ho; 2);
and
ox = k2™ Zy(ho; 2):

If we substitute the above expressions into equation (12) we obtain

12 = xZo(ho; 2)ike™  Zo(ho; 2)k%e":
From equation (4), we can work out that at z= hg, we have

Zo(hg; hg) = Agcoshk(0) = Ag:

We can use this to obtain

1z = XAoikeikX A0k2eikx;
= Ak K);

= ike™AG( x+ ik ): (13)

Now we have a new set of governing equations at O( 1),

S)
xx + 12z =0 ( h0<2<0)§
1z 1=0 (z=0) %Z (14)

12 = ikAg(ho)( x + ik e (z= hy)

15



To gain an explicit expression for | we must now go a step further and integrate the
new boundary conditionatz = hgy. We do this using Green’s function for hg <z <0

which satis es

8]

r’G= (x x) @ 2) (h<z<0 1<x<1)=Z
Gz G=0 =0 ! (15)

(z=0) =

G, =0 (Z = hO) )

as x ¥ 1. The solution to Green’s function, G(X; z; Xo; Zo), would be

5 Zo(ho; 2)Zoho; e 0+ 7 7 (ho; 2)Zn(ho; z0)e Ko

G . . . e
(X;z; %05 20) s

n=

If we consider this wave as it goes to 1, then for n 1, this equation contributes



for0 x |and where |y is the length of one ripple. Now we can consider what would
happen for this example, by substituting the expressions for and x into the integral

and seeing what happens as xo ¥ 1.

As xo T 1



Expression (19) can then be substituted into equation (18) to give us
e ikXo

ik
a2 +4 2

In



only valid for n 1. Now we know that the regular series expansion is not uniform

and therefore there is a known non-uniformity for k =ly



3 Two-Dimensional Electromagnetic Waveguides

3.1 Regular Series Expansion

To nd an improved approximation to the problem posed in Porter and Chamberlain
(1997), we shall consult the paper by Asfar and Nayfeh (1983) which deals with several
types of cases of wave propagation within ducts with periodic wall perturbations. The
example we are interested in is an electromagnetic case with multiple transverse mag-
netic propagating waves, which can be applied equally well to a water-wave case. Note
that for Porter and Chamberlain (1997) we have only the one wave which travels in
opposite directions to consider, whilst in Asfar and Nayfeh (1983) there will be n-many.
The setup for the problem in this paper is to have two parallel wall distortion functions:
one on the right, x =1+ sin(kwz + ) and one on the left, x = sin(kwz) where is
the phase shift and is the dimensionless amplitude of the wall undulations, assumed

to be much smaller than unity.

The governing equation for the ow in this problem is the Helmholtz equation in
the form of
r’ +k> =0 (22)

where r = @=0x + @=0z, k is the free-space dimensionless wavenumber and is the



As we had shown in Porter and Chamberlain (1997), an asymptotic expansion may
give invalid results. Asfar and Nayfeh (1983) recreates this and shows how to solve the

problem.
First we substitute our asymptotic expansion into equation (22), to get
r’( g+ 1+:)+K( o+ 1+3)=0:
Therefore at leading order we obtain
r’ o +k> o=0; (25)

and at O( ') we obtain

r? 1+k2 1 =0 (26)

Now we should do the same thing to the left and right plates. To do this we must
linearise the boundaries at x = 0 and x = 1 by developing and its derivatives using
Taylor series. For the right plate, at x = 1+ sin(kywz+ ), we substitute the asymptotic

expansion into equation (24), to obtain

2
F(1+ sin(kwz + );2) @@22+k2 (o+ 1+
@2
+  kycos(kyz + )@x@z( o+ 1+:u)=0:

To linearise this equation, we use
F(A+ sin(kwz+ );2) =F(;2)+ sin(kwz + )Fx(1;2) +O( ?):

Because there is no dependence on X, F(1;z) is equivalent to F(1 + sin(kyz + );2).

Therefore we can work out Fx(1;z) in a similar way.

Fx(1;2) Fx(1+ sin(kwz + );2)
@2 + k2 @ @3
—( o+ 1+:)+ kycos(kwz + )@

@22 Ox

x2@z( o+ 1)

21



If we substitute this into our expression for F(1+ sin(kwz + );Zz), we get
2
F(1+ sin(kwz+ );2) @+k2 (o+ 1+:3)
@2

+  kycos(kwz + )



where is the separation constant. For X(X) and Z(z) we have
X"x)+ X(x)=0 (31)

and

Z"2)+ K> )zZ(z)=0: (32)

There are now three separate cases to consider,

1. =0
2. <0
3. =>0.

When =0, equation (31) becomes
X%x) =0
and for this we obtain the general solution
X(X) = AX + B;
where A and B are constants. Also for equation (32), we obtain
Z%z) +k?Z(@z) =0
which has a general solution of the form
Z(z) = Ce'** + De *?;

where C and D are also constants. This then tells us that is of the form

0 = X(X)Z(z) = (Ax + B)(Ce'? + De 'k?):

We can evaluate A, B, C and D using the boundary conditions. The boundary condi-
tionat x =0 is
§ 2

—— +k =0;

@22 O Ll
so we have

2 . .
oz k2 (0;z2) = (A(0) +B)k*(Ce'** + De ')
+ k?(A(0) + B)(Ce™ + De "?):

23






Both k and m cannot equal zero, therefore ( = 0, so we have

P P
A(C cosh( k2 +m?z) +Dsinh( k2 +m?2z)) =0:

For the expression above to be satis ed, A =0, then the boundary condition at x =0

will be satis ed. Now if we consider when x = 1, we have
P

P
B sinhm(1)(C cosh( k2 + m2z) + D sinh(



This tells us that ((0;z) = 0, 8x 2 R since m & 0. This then gives us
i 'pﬁ ‘pﬁ
0(0;2) = (Asinm(0) + Bcosm(0))(Ce' K MZ 4+ pDe I K M2y
= B(CeipWZ + De ipWZ):

Therefore B = 0 for the boundary condition to remain valid at x = 0. Now we consider

when x = 1. We begin with
0(1;2) =0;
so we get
: iPe mz2 iPe Mz
0(1;2) = Asinm(1)(Ce' + De ):

For this boundary condition to be satis ed, m =n , for n 2 Z. For this we obtain a

general solution of the form
X n  p_—— pP_—__oO
0= sin(n x) Cnpe' ¥ M)PP24pe i ¥ (n)2Z . (33)
n=0

Asfar and Nayfeh (1983) does not have a general solution that accounts for the waves

that are moving to the left, instead the general solution is

X .
o(x;z) = Ansin(n x)e'knZ: (34)
n= 1
We can only assume that k, is de ned in the following way,

ka (n )% n>0andk?>(n )2

ip(n )2 k2 n>0andk?<(n )?
kn=_ p____ (35)
k2 (n)? n<o0andk?®>(n )?

ip(n )2 k%2, n<Oand k?<(n )%



The linearised position of the right plate is x = 1, so using the result cos(n ) = ( 1)",

we have

@2



By substituting equation (38) into equation (26) and our recently derived boundary
conditions, equations (36) and (37), we yield a governing equation and boundary con-
2(X). Equation (26) will become

LSk ) - , |
1 n An ((n )2 knkw)@@')x2 1(X)el(kn-‘rkw)z ((n )2+knkw)@@x2 2(X)el(kn kw )z

2
n= 1

(kn +ku)2((N )?  knkw) 100" M TRz 4 (ki ky)2((N )2 + knky) 2(x)e!tkn kw)z
h io

((n )2 + Knkw) 2(X)ei(kn kw)z = 0;

ditions for both {(x) and

+ K2 (N ) Knkw) 10!kt
Now we collect coe cients of the exponential terms to obtain

2
() Knkw) @@Xg )+ 109K (ke +ku)?) =0

and
2
() +kaka) T 200+ 200 (o kD) =0

which is true for all n 2 R. This tells us that
(39)

02 9
e i)+ 7 () =0;

where j 2 f1;2gand 2 =k? (ko kuw)?.

rst using the same method

We can nd 1 and 5 for the right plate, at x = 1, by

as we had for equation (26) to (28). We have

i X h 2 2 i(kn k
5 N AL (ke ka)X((n ) +knk) o(2)e!l B2
n= 1
(kn +ka)?((0 )? knka) 1D ® Y7 IR0 ) knkw) 1(D)e!0 2
i .
i I
(N ) +knka) (D' fw)g



By allowing j 2 f1;2g we can write this equation more succinctly as
WK kn ko)) =( D '
and by again letting j>=k?> (kn kw)? we get
i 7= e

where the plus (minus) sign corresponds to ; and 1, ( 2 and ). By dividing
through by 2 we obtain

=" ;% (40)
The boundary condition at the left plate can be found using the same method. We

have

(kn  kw)?((n )? +knkw) 2(0)e'®n )2 (kp + k)2 ) ) ) )



so we get

j(0) = Asin j(0)+Bcos j(0);

= B:

This implies that B = 2 for the boundary condition at x = 0 to be satis ed. Now

we should continue by considering the boundary condition at x =1,
W=D ;%"
so we get

j(0) = Asin j(1)+Bcos j(1);

= Asin j+ j %cos j:
We can obtain A by rearrangement, to obtain

Asin j = (D" ;%' j 2cos j;
= (%' cosj 3%

and by dividing both sides of the equation by sin j we obtain

:( D" ' cos i

A
-2 gj -
j2sin

Now we can substitute the two constants A and B into the general solution, equation

(42), to obtain

( e ' cos j
j2sin

o 2 o
sin jx+ j “cos jX;

jx) =

which can be expressed as

(09 = [( 1ne T cos) cos2 jlsin_jx+sin_jcos jx,

- 43
Now we want to show that equation (43) is not valid for certain parameter combina-
tions, as we had for Porter and Chamberlain (1997). We do this by considering what

would happen when we let ; ¥ m , where m 2 R. We would obtain

. v _ [ e Peest ) cos(m )]sin(m x) +sin(m ) cos(m )
j“!n')n i) = (m )2sin(m ) '

30



Since sin(m






Now we have a new expression for ( we can substitute this into our equations of

O( 1). First for our governing equation (46), we see that

0° o _ o _
@20@21 = AL (z1)ikn sin(n x)e™n? + AL (z;)ikm sin(m x)e’m?;
giving
@2 1_,_@2 Lik2 .= 2j x Al ke sini ik; 2o, 48
0 027 = § (1)K sin( - x)e"a%: (48)
J=mn

We shall now do the same thing for the boundary condition for the right plate at x = 1.

Firstly

2 h _
—@ZO2+|<2 1= sintkwzo+ ) kn?An(z))n ( 1)"e'knZ
: _ o
kaAm(Zl)m ( 1)melkm20+k2(An(Zl)n ( 1)nelano +Am(21)m ( 1)melkmzo)
h _ S
kw cos(kwzo + ) iknAn(@)n ( 1)"e™*n? + ik, Am(z))m ( 1)Metkmzo

and by using identities for sine and cosine, we can obtain

2 o eilkwzo+ ) g i(kwzot+ ) h
+ =
02,2 ! 2i

i
km?Am(z))m ( 1)Melkm20 + kK2(Ap(zi)n ( 1)"eknZ + Ap(z)m ( 1)Mefkm2o)
|

kn2An(zi)n ( 1)Neiknzo

eitkwzot ) 4 g i(kwzot+ ) D
2

By collecting like terms, we can proceed to get

2 N i h .
@TOQ + k2 1= IE (el(kw20+ ) e i(kwzo+ )) kn2An(Zl)n( 1)ne|knzo

. . ) i

kmn2Am(z1)m( 1)Me'km?0 4+ k2(An(z1)n( 1) e n? + A (z)m( 1)Me'km?o)

. _ h _ I [o)
kw(elkwzot ) 4 g ilkwzot )y | A (2 )N( 1)"e™Kn%0 + Kk Am(z)m( 1)Mefkm?o

Again, by collecting the coe cients of the exponential terms and summing over j, we

can obtain
8
2 2 i = i(k; +k i 2 . j 2 . i
6ot +K =5 ei(Kj+kw)zo+i Ki“Aj(z)i( 1) +K°Ajz)i( 1)
=m;n
kwkjAj(z1j (1)} ella w2 T G2A )i (1) + KPAj@)I( 1Y
j=m;n

+  kwkjAj(zu( Y

33

kw iknAn(z)n ( D"e™ % +ikmAm(zi)m ( DMelkm?o






This implies that
(m 2=k (kn ( Yka)’
and from rearrangement we can obtain
(kn  ( Dka)? =km®;

where

kmZ=k%> (m )%
Therefore we know that

km = kn ( Ykw;

= kn ku:

Unfortunately this equation, as shown above, has a non-uniformity where k;, =k ky,

therefore we need to add a detuning parameter, = O(1), so we have
Km=Kn kw+

This means we can consider the case close to the perfectly tuned case which corre-

sponds to the Bragg condition.

As in Asfar and Nayfeh (1983), we focus on the case ky, =k,  ky + , (the other

follows in a similar way). From this relationship we can deduce that

gitkn kw)zo — gitkm )20 = gikmzo i 21. (53)

and

ei(km+kw)20 — el(kn+ )Zo — eikn20+i Z]_: (54)

Now, as before, we need to nd the governing equation and boundary conditions (at
x =0and x = 1) for j(x;z;). We begin by substituting equation (52) and its
derivatives into (46) which yields

] @2 2

o m(X;21)e®m?0 + i [ (x;21)eM %0 ik m(X;zp)ekm?o

@x?

ikn (X 21)e™ % + K2[i m(x;z1)e ™0 n(x;z1)e'kn?]

= 2i[kmA?n(21) sin(m X)eikmzo + knA%(Zl) sin(n X)eiknzo]:

35



We now equate the coe cients of e'*n to obtain

0* n

0 +( ) n= 2k Al(z1)sin(n x); (55)

where we have used the relationship ka2 = k2 (n )2. Similarly

0° m

@x?

+(M )2 m= 2kmAlL(z1)sin(m x): (56)

Now we nd the right plate boundary conditions for , and . To do this we are going
to substitute equations (52), (53) and (54) into equation (51). After di erentiating ;

twice with respect to zj, we get

2 X )
@7; = i (1 z1)kj2eti%o;
@zo i—min
= i m(X; zl)km2eikmzo i n(l;Zl)anGik”ZO;

so equation (51) becomes

i m(l;zl)kaGikmzo i n



and

1 n

m(0z1) = 5 —=An((n )2 knkw)e' % (60)

Now we want to look at equation (55), this is to couple the two boundary conditions
forx =0and x = 1.

0 n

@x?

+(n )2 n= 2kaAl(z1)sin(n x):

Multiplying this equation by sin(n x) and integrating between x = 0 and 1 yields the

relationship
Aon(zl)kn .
(n) -

Now we have expressions for 1(0;z;) and n(1;z1), we can now move forward in

n(0;z1)  n(L;z)( D" = (61)
nding equations for the amplitudes An(z1) and Am(z1). We have, from equations
(57), (59) and (61), that

Kn 1 m

AN =5 o Am((m ) Kmky)elt 27
- % n% ( D"Am((m )? kmkw)ei( at)
from which
0 _1 m 2 m+nai Ai 21.
AN@) =5 o Amlkmke (M )) 1 (DTN el E o (62)
n

We can also nd Al (z;) using the same method. We obtain

AR =5 o Anlkke (1)1 (D™l e T (6

We now want the solutions for equations (62) and (63). To do this we de ne
Am = am e%; (64)

and

An = an e(SJFi )Zl; (65)

where am, an and s are constants. We now want to substitute equations (64) and (65)
into equations (62) and (63).
Note that

Al(z1) =

dA, L\ (s+i )z
= + 1-
dz, an(s+i )e ;

37



and
dA
0 =M _ SZ1.-
A (z1) daz, amse™*t:

So equation (62) and (63) become

an(s+i )e(5+i )Z1 :% % ameszl(kmkw (m )2) 1 ( 1)m+nei ei z, (66)
n
and also
amem == g eGH Bk, (1)) 1 (D™Tel e iz (67)
2 kmm

If we rearrange equation (66) to get

1 m  (Knkw (m )?)amnmes®

- = m-+ngi i z1.
> nke s+ )ebh 1 ( pMmMet el 2y

an

then we can substitute this into equation (67) to obtain

amse = 1 ke (n )y &M Kmke (M )%

2 mkny 2 nkn (s+i )estin
[1 ( l)m+nei ]ameszlei Z1 e(s+i )21[1 ( 1)m+ne i]e i 21.

This can be simpli ed by cancelling constants a;, and a, to become

s(s+i ) = %(knkw+(n %) (Kmkw + (M )2)%[1 ( D™NE +e M)

= 2k:1kn(knkw +(n )2)(kmkw +(m )2)[1 ( 1)m+n cos J:
So we have
s(s+i )= ; (68)
where
= S (knku + (0 ) (kmkw + (M )P ( )™ cos ] (69)

So we have gained a quadratic in s,
s? +si =0;

which we can solve for, giving us

i P
s=30 (2 4 (70)
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We can begin analysing this equation by rst considering which way the modes are
moving. Firstly consider when 4 > 2, this tells us that the modes are moving in
opposite directions. By using equation (70) we can see that s is complex and of the

form (a + bi), where a, b 2 R.

By allowing s to be complex, we can determine that equations (64) and (65) are telling
us that the modes are quickly decaying. As the modes are propagating along the two

wave guides, they are reducing in strength. This is called a 'stop band’.

Now we can consider when the modes are moving in the same direction, this occurs
when 4 < 2 and s is completely imaginary with no real parts. Because of this,
equations (64) and (65) are bounded. Therefore we know that as the waves propagate
they cannot grow in size beyond their bounded limit, i.e. not shoot o to in nity. Also
from considering the exponentials in equations (64) and (65), if s is imaginary then the
exponential terms will not decay. Therefore we know that the modes are propagating
in the same direction without loss of strength, meaning that energy in the waves and

between the waves is conserved. This is called a passband interaction.

If 4 = 2, then this implies that the movement of the modes is changing from one

example to the other. This is called a ’transition frequency’.
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progress, we now want the O( ) terms. The equations of O( ') are

9o

Ixoxo ¥ 12z = 2 0XoX1 ( hp<z<0) %
1z 1=0 (Z = O) : (73)

2 2 X H 2 X §

12 = 37005 X ox SIN 5% 0zz (Z= ho) -

Now we can focus on obtaining a solution for ;. We do this by substituting equation

(72) into (73). First we di erentiate  with respect to both x, and x; to yield

0 , ; _ :
B = IKARC) coshk(z + ho)ee kAL (x1) coshik(z + ho)e "
which gives
LA 2h'kA0 hk(z + ho)e™ kAl hk(z +h o'
0xo2 @22 IkAR (x1) coshk(z + ho)e IKAL (x1) coshk(z + hg)e :
(74)

for ( hg <z < 0). The condition at the free surface will not change at this point,
since it has no dependence on . So focusing on (73) for z = hg, we do the same as

we did for ( hg <z <0). From (72), we have

gxo = ikAr(X1) coshk(z + hg)e™ ™ ikA (x;) coshk(z + ho)e Xo;
0
and

@2 0 _ 2 ikXo 2 ikXp .

022 k“Ar(x1) coshk(z + hy)e + k*Ap (1) coshk(z + hg)e ;
so the bed condition becomes
0, 2 2 %o N . i
s Ar(Xq)ik coshk(z + hg)e™ ™ AL (xq)ik cosh(z + hy)e k*o

0 0
h i

sin 2 Ixo k2AR(X1) cosh k(z + ho)e™© + k2A (x;) coshk(z + hg)e K*o ;
0

ie.,
@.,_2 2 Xo h o ik oo ik i
0z = Fcos i Ar(X1)ike™ 0 AL (x)ike "X
sin- = KZAR(X1)e™ + K2A (x))e ™o
0

since z = hgy. To be consistent with Asfar and Nayfeh (1983) we write 2 =ly = ky,
the wall undulation parameter. Using the identities

eikWXo +e ikWXO

cos(kwXg) = > ;
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and

eikWXO e ikWXO

sin(kwXp) =

2i ’
we obtain
R BT 2 i(kw K)X 2
0z "2 g% kkwAr(X1) + K*AR(Xy) e R0k kAL(X1)  KTAL(X1)
o

+ el kX0 KAR(X)  KPAR(X1) e fRkwtkXo o KA (1) + K2AL(X1)

We are now looking for a particular solution for ; of the form
1=1 4 0xaz)e 0+ (xisz)e (75)

This equation includes the exponential terms to demonstrate the one wave propagating

both to the left and to the right, that we had shown to be the case in section (2.2).

We can now form a relationship between the wave number and the wall undulation. We
have shown how to produce this relationship in section (3.2) noting that k represents
the wave propagating to the right as k, did and similarly k represents the wave km,

propagating to the left. We have
k= k Ku;

but this equation, as shown before, has a non-uniformity where 2k = ky, therefore

we need to add a detuning parameter, = O(1), so we have
k= k ky+

Note that we will be taking the 'minus case’ as in Asfar and Nayfeh (1983), to give us
the relationship

k= k ky+ (76)
Now from equation (76) we gain the two equalities

k+ky= Kk ‘w3900 k +



We can then express these in an exponential form, giving us the two equations

ei(k+kW)Xo — el( k+ )XO —e ikxo+i Xi. (77)

and
e i(k+kW)X0 — el(k )Xo — eikXQ i X]_: (78)

To progress we need to substitute our form of the solution, equation (75), into equation
(74), which will give us
2 2

ik? (x;;2)e’°  ik?  (x1;2)e o 4 j O +(x1;z)eikx°+i@— (x1;2)
h i

- @22 @22 -
= 2 ikAR(x1) coshk(z + hg)e™™® kAL (x;) coshk(z + ho)e ™ :

To analyse the two di erent waves we rstly consider the coe cients of e/ by equating
them, we obtain

2

oz D) k2 L (x1;2) = 2kAL(x;)coshk(z + hp); (79)
and the coe cients of e 0 are
@2
a2 (x1;2) k®  (x1;z) = 2kAl (x1) cosh k(z + hy): (80)

We can also use this method, for the boundary condition at z = 0. From substituting

equation (75) into the boundary condition at z = 0, we have

@ . = ikXo @ s ikX @
= — . + 0_~ .
0z ie 0z +(x1;0) +ie 0z (x1;0)
and hence the free-surface boundary condition becomes
ie"‘"o@?’)Z +(x1;0) + ie ikXO@@Z (x1;0) (i +(x;0)e™0+i (x;;0)e ®x0)=0:
As before we equate the coe cients of the exponential terms, yielding
@ . 0 — 0
0z +(X1;0) +(X1;0) =0; (81)
and
@
0z (x1;0) (x1;0) =0t (82)
Finally we can use the same method for the boundary condition at z = hy. For
this calculation, we must plug equation (75) into the boundary condition at z = hg
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and also use both equation (77) and (78), then, (omitting the details), we equate the

coe cients of e’ to get

1 .
oo ho = ge TRALGIK K ®)

and for e KXo we obtain

o i ho) = Jet ARGk + K (5

For a short time, we shall concentrate solely on equation (79). This is so we can
combine the equations for . and . To repeat the calculations in Asfar and Nayfeh
(1983), we multiply both sides of equation (79) by cosh k(z + hg) and integrate them

from z = hg to z =0, eventually yielding

- Al inh 2kh

COShkhOQ +(x1;0) £ +(X1; h) ksinhkhy 4 (x1;0) = r (1) In 0
0z 0z 5

A?:Q(Xl)kh():

In order to understand what the integral is telling us we can use equation (83). Firstly

consider that equation (81) says that

@@z +(X1;0) = 4 (x1;0);

therefore we know that
0 Ay — M-
cosh kho@—Z +(X1;0) = coshkhg (X1;0):

Note that Porter and Chamberlain (1997) states that = k tanh khg, therefore we can

conclude that

cosh kho@g@Z +(X1;0) = ktanhkhgcoshkhy L (xq;0);

sinh khg
cosh khg
= ksinhkhy (x1;0):

coshkhg 4 (X1;0);

So the entire integral becomes

sinh 2khg
2

AR (x1)kh;

ksinhkhy (x1;0) @@Z L, h) ksinhkhy L (x;0) = AL(x)
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so we substitute equation (92) into (91) to obtain

el X1e | X1gpes™ (kyk +k2)eH Mk k +k2)
(s+1i )els+ )x1(2kh, + sinh 2kho)(sinh 2khg + 2kho)

sare®t =

By eliminating the constants ar and a,, we obtain

o (kwk + k?)? Y
(8415 = Ginh2khy + 2khg)? (53)
As shown in section (3.2), s can also be expressed as
n P (0)
5= % i 244 2 (94)

To demonstrate what equation (94) is telling us, we can consider the plot below.

For this plot we have taken hy = 1 and to non dimensonalise we let I = 3hg, the length
of one ripple. To obtain the plot for k <0, we have plotted the lines = 2 . We do
this by using the relationship between the wavenumber and the wall undulation, we

can form a relationship between , and k, which is

2k + kw

Thus we can combine into this equation to obtain

(2K + ky)(sinh 2khg + 2khg)
2(kwk + k2) '
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When k > 0, we have considered when equation (76) has taken on the plus sign and

becomes
k= k+ky+ ;
which gives us
(s+i)s= 3% (95)
where
9 _ (kwk  k?)?

~ (sinh 2khy + 2khg)?”
Then, again, we can plot k against , where in this case

2k kw)(sinh 2khg + 2khg)
2(kwk  K2) '

We can analyse this plot by considering equation (94).

When 4 2 > 2 then this implies that s is complex and of the form (a + bi), where
a, b 2 R. Then after considering equations (89) and (90), we can see that when the
Re(s) & 0, represented by the shaded yellow regions, that the waves are decaying over
time. When the waves are evanescent, the ratio between the two terms o and
in the asymptotic expansion describing the velocity potential are unbounded. This

de nition exhibits Bragg resonance.

Another case to consider would be when 2 > 4 2. s is then imaginary and would

display propagating modes. The amplitudes of these modes would be bounded and



5 Multiple Scales for a General Function

5.1 Fourier Series



We can collect the terms of leading order to obtain a new set of equations, which since
they are not a ected by the second term for z = hg, will not change from the set of

equations (71), which are
S)

Oxoxo T 0zz =10 ( h0<Z<O)§
0z 0=0 (z=0) :

=
0z=0 (z= ho) z

The terms of O( ) will be di erent for z = hy, but otherwise remain the same, and

become
9
Ixoxo ¥ 12z = 2 oxoxa ( hg<z<0) %
1z 1=0 (z=0) ; 97)
=

1z = imkwcmeimkwx ) Cmeimkwx 0zz (Z= hp)
Our next task will be to use ¢, equation (72), in order to nd more explicit terms for
our ; and eventually nd a general solution. We need to work through (97), applying

o Where applicable.

The governing equation will work out to be the same whilst the boundary condition at
z = 0 will not change, as it has no dependence on . After applying our expression

for ( our boundary condition at z = hy will become

01
@z

= imkyCme™wX jkAR(x;)coshk(z + hg)e™ ™0 ikA (x;) coshk(z + hy)e KXo

Cme'™wX0 2 Ag(xy) cosh k(z + hp)e!™ + k2AL (x1) cosh k(z + hg)e 1

After some similar manipulation as applied in section 3, we obtain
0. _
@z

To develop this equation in terms of the slow variable x;, we need to recall the rela-

el(Mkw X0 Ap(x)Cm mkwk +Kk?  el(Mkw kX0 A) (x)Cry k2 mkyk

tionship we had in section 4 and manipulate it to become
k= k+mky+ (98)

where m 2 Z. As we had previously done, we should develop two relationships between

the wave number and wall undulation, using equation (98). We get
k mky= k+
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and
mky, k=
This gives us the exponential terms,

ei(k mkW)Xo — ei( k+ )Xo —e ikxo+i X1. (99)

and
ei(mkw k)Xo — ei(k )Xo — eikXo i Xl: (100)

We can de ne 1 in such a way to eventually determine our amplitudes,
—_ . ikXo H . ikXo.
1=1 4(x1;2)e™0 +1i (x1;2)e :

We can then work through the new equations for the governing system and boundary
conditions. By substituting in the expression for ( and equating the coe cients of

the exponential terms, we obtain

2
@g@z2 L(x1;2) K2 L(x;2) = 2kAL(xq) coshk(z + ho); (101)
for elkxo and
2
a2 (x1;2) k¥ (x1;2) = 2kA‘,)_(x1) cosh k(z + hy): (102)

for e k%0 as we had in section 4. For the boundary condition at z = 0, we again

obtain the same equations as in the previous section, namely

@@Z +(x1;0) +(x1;0) =0;
for elk%0 and

@ -O .0 J— 0.

@7 (X11 ) (Xl! ) — Y,

for e 1kxo,

The boundary condition at the bed requires a bit more work. We will use the same

method as we had in section 4. For the coe cients of /%0 we obtain

i@@z L5 hg)= e "X AL(X))Cm k> +mkyk ; (103)
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and for the coe cients of e %0 we obtain

i@@Z (x1; ho)= €' ™ Agr(Xx1)Cm mkyk +k? : (104)

Now as we did in section 4, we shall take equations (101) and (102), multiply through

by cosh k(z + hg) and integrate them from z = hg to z = 0, eventually giving us

@ sinh 2kh
gz +00 h) = ARGakhy  AR(a) =
in terms of the equation for e and
@ sinh 2kh
gz O ho)= Al (x1)khg + AOL(xl)#0

for e X0 \We can now substitute equations (103) and (104) into the above equations

where necessary. By doing this we would obtain,

2khg + sinh 2khy
2 1

e " XA (X1)Cm k? + mkyk %= AR (x1)

which can be rearranged to give

2e ' XA (X1)Cm K2+ mkyk
i (2kho + sinh 2kh) ’

AR (x1) =

and also

2kho + sinh 2khy
2 1

el XL AR(X1)Cm k2 + mkyk % = Al (x1)

which gives

2e! X1AR(X1)Cm k% + mkyk
i (2khg + sinh 2kh)

AL(x) =
Now as before we shall de ne functions for the amplitudes,
Ar(x1) = are®™
and
AL (X)) = a e+ X

We can use these functions for the amplitudes, to substitute into our equations for

A?_(xl) and AL(x;), and by combining the two we will eventually obtain

4Cm? KZ+mkyk >
(2kho + sinh2khg)?

s(s+i )=

o1



This again gives us a quadratic in s which can be solved to be analysed. We end up
with the equation
s=- i 2+4 2 (105)

As before we can plot the lines = 2 as we did in section 4, to obtain the plot,

For this plot, we had to de ne an ly-periodic function and work out the Fourier series

coe cient for it. The function was chosen as
(X) = cos kwX;

where ky = 2 =lg. So now we want cosky w



Firstly consider when 4 > 2, this tells us that the modes are reversed and also
that s is complex. As seen in sections 3 and 4, if s is complex then there is a stop
band. For the four triangles made up of the lines of = , this is where the modes
are decaying and Bragg resonance is occurring, as the exponential contains a real part,
which will dominate the movement of the mode.

Now we can consider when the modes are codirectional, this occurs when 4 < 2
and Re(s) = 0. Because our exponential terms have no real parts, we know that the
modes are propagating and are therefore bounded - never to decay or grow. Within

this region, outside of the crosses, is a passband interaction.

When 4 = 2 a transition frequency is occurring.

This analysis would be true for any general function that can be manipulated into
the form of equation (96). As this function had only the two coe cients, we would

expect a function of more/ranging coe cients to have more 'crosses’ and to change in

gradient, depending on the coe cient.
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6 Conclusion

From the use of the method of multiple scales we have been able to nd a solution for

the problem posed in Porter and Chamberlain (1997). In conclusion we have been able
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