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Chapter �

Formulation of a New M� Variant

Model

The gas networks we wish to estimate are linear with pressure measurement only� and

these measurements are only available at the upstream source and at sites of �ow de�

mand� We now show how a new model variation� denoted by M�� which is capable of

estimating �ow demands� may be constructed from a base M� model� The M� model

is simply a pressure driven model� and is derived from an M� model by 	rst removing

the g � � connectivity equations and the downstream �ow boundary equation from the

system� and then removing the g �ow demand variables� The M� model is still in the

form of a discrete descriptor system� but where the state vector now contains the nodal

pressures except those pressures at sites of gas out�ow� The M� model is essentially a

disconnected set of equations for each pipe�

The base M� model can be rearranged and partitioned as
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where p
�

k� is a g dimensional vector containing measured pressure perturbation state

variables at the sites of �ow demand� p
�

k� is a n� g dimensional vector containing the

remaining pressure perturbation state variables along the pipes� p
�

k� is the upstream

��



pressure input 
assumed known�� and d
k� is a g dimensional vector containing the �ow

demand perturbation input variables that we wish to estimate� The top n � g rows cor�

respond to general di�erence equations 
������ and the lower g rows correspond to the

g � � connectivity equations and the single downstream �ow boundary equation�

The new M� system has the form

E���p
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k�� E���p

�

k � �� � B�
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which can be expressed in the general descriptor system form

E�x�
k � �� 
 A�x�
k� �B�

�u�
k � �� �B�

�u�
k� 
����

where

u�
k� 
 �p
�

k�T � p

�

k�T �T �

If we arrange the pressure variables in the state vector in their order along the pipe

network� i�e� in the following way

x��k� � �p���k� p
�
��k� ����� p

�

s����k� p
�
��k� p

�
��k� ����� p

�

s����k� ����������������� p
g
��k� p

g
��k����� p

g
sg���k�

T �

where each pipe has spipe � � nodes� then the M� system matrices� E� and A�� are

tridiagonal� E� and A� take the form

E� 


�
��������������������

�E��

�E��

� � �

�Eg���

�Eg�

�
��������������������

A� 


�
��������������������

�A��

�A��

� � �

�Ag���

�Ag�

�
��������������������

��



where �Ez� and �Az� are general tridiagonal square blocks containing the coe�cients of the

inner pressures along pipe z from di�erence equations 
������ The general square blocks

�Ez� and �Az� are as previously described for the M� model�

As an M



pipes� nodes and junctions�

We 	rstly de	ne three new types of matrix�

We de	ne the general diagonal matrix� Dz� corresponding to pipe z for z 
 �



For a general pipe section z� let Fz 
 EzDz�� � Assuming � � �� we can derive

Fz 
 Dz�� � �Gz � which� due to the properties of Dz and Gz � must be strictly diagonally

dominant� Hence� from Theorem ���� in the appendix� Fz is full rank� and hence Ez 


FzDz must be full rank also� �

Theorem ��� If � � �� the eigenvalues of an M� model are real�

Proof

To show the eigenvalues of an M� model are real� we show the eigenvalues of the

blocks Ez��Az are real�

For a general pipe section z� since the matrix Ez is invertible if � � �� from equations


����� 
����� we have

det
Az � 
Ez� 
 � �� det

I � �Mz���
I � 
� � ��Mz�� 
I� 
 ��

Thus� for 
i	�
Az�Ez� and �i	�
Mz�� for i 
 �� ���� sz � ��


i 

�� 
�� ���i

� � ��i
�

Hence� since the eigenvalues� �i� of Mz are real then so are the eigenvalues� 
i� of 
Ez��Az�

real� �

Theorem ��� An M� model has system eigenvalues within the unit circle� and hence is

asymptotically stable� if 
���������

Proof

To show the eigenvalues of an M� model are within the unit circle� we show the

eigenvalues of the blocks Ez��Az are within the unit circle�

For a general pipe section z� from equations 
����� 
����� we have

det
Az � 
Ez� 
 det

�� 
�I � 

�� 
�� � ��Mz�� 
����

��



Since the determinant of the product of two matrices is equal to the product of the

determinants of the individual matrices� from equation 
���� we can derive

det
Az � 
Ez� 
 det

�� 
�Dz�� � 

� � 
�� � ��Gz�det
Dz��

We show det
Az � 
Ez��
� for j
j
� and 
���������

The matrix Dz is full rank� and hence det
Dz��
��

By inspection� if 

�� then 
�� 
��� and 

�� 
��� ���� �� Also� if 
�� � � 1Tm1c
(��)Tj�5TD
(de73n)Tj0001 0 TD
(
)Tj
/T5 1 Tf
29 0 3w001 0 Tmn9999 0 TD6
Tf
2
(de73n)Tj0001�

� �



��� Experiments

For all experiments in this thesis� a standard M� model of the linear three pipe network

from chapter �� was run to simulate a real gas network with the upstream pressure� junc�

tion demand �ows� and downstream �ow demand speci	ed as boundary inputs to the

system� The parameters for this base M� model� and all other models investigated in

this thesis� are given in the appendix� Except for a few experiments in chapter ��� the

�ows at demand sites A�B� B�C and C were in the ratio �������

When the M� model had been running for a while� the pressures at the upstream

end and the sites of �ow demand were recorded at each timestep and fed into an M�

model� The �ow demands predicted by the M� model were then compared with the

true �ows used as inputs to the M� model� For experiments ��� to ���� the M� model

simulating a gas network was identical to theM� model upon which theM� model was

constructed� For experiments ��� and ���� the M� model simulating a gas network had

a much 	ner discretisation 
in both space and time� than the M� model to give some

idea of the e�ects of the modelling error due to the 	nite di�erence approximation of the

original di�erential equations�

For each experiment� the true �ow demand pro	les for the demands� DA�B
k � DB�C

k and

DC
k are shown as thick lines in Figs� A� B and C respectively� and the state estimates for

D
A�B
k � D

B�C
k and DC

k are shown as thin lines� The percentage errors between the state

estimates of D
A�B
k � D

B�C
k and DC

k and their true values are shown in Figs� D� E and F

respectively�



Experiment ���� M� Model with � 
 ���

Data taken from M� model with much 	ner mesh � M� model has � spatial

nodes along each pipe�

Experiment ���� M� Model with � 
 �

Data taken fromM� model with much 	ner mesh � M� model has �
 spatial

nodes along each pipe�

Experiment ���� M� Model with � 
 �

��
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��� Discussion

In all experiments� there was some error due to the crude forwards and backwards di�er�

ence appro



equation 
������ In the next chapter we investigate a new model� which we term an M�

model� which uses a central di�erence approximation of equation 
������ It is shown that

the �ow estimates of such a model contain signi	cantly less error�

��



Chapter �

Formulation of a New M� Variant

Model

We now show how a new pressure driven model variation� denoted byM�� which is capa�

ble of estimating �ow demands from the available pressure telemetry� may be constructed

from a baseM� model using the same central di�erence discretisation of equation ��	
��

that the baseM� model uses	 TheM� model is derived from anM� model by swapping

over the �ow variables from the input vector with the loc7.1(lo)-1000m000.1(e)13999.9(l)2000(b)]TJ
206.0



The new M� system has the form

�
E� �B���

� ��� p
�
�k 
 
�

d�k 
 
�

�
�� �

�
A� B���

� ��� p
�
�k�

d�k�

�
��


�
B��

�E��

� ��� p
�
�k 
 
�

p
�
�k 
 
�

�
��



�
B��

A��

� ��� p
�
�k�

p
�
�k�

�
�� �����

which can be expressed in the general descriptor system form

E�x��k 
 
� � A�x��k� 
B�

�u��k 
 
� 
B�

�u��k�� �����

��� Theorems

We are able to derive similar theoretical results as forM� andM
 models� however� suf�

�cient conditions for asymptotic stability are slightly more restrictive	 Firstly� we prove

that the matrix E� of an M� model is full rank if � � �	 It is then proved that the M�

system eigenvalues are real if � � �	 Next� it is proved that the M� system eigenvalues

are within the unit circle for 
�� � ��
� and are within or on the unit circle for � � 
��	

Lastly� we prove the following	 When pressure data is fed from a base M� model into

its correspondingM� model� then� if theM� model is asymptotically stable� the system

state of the M� model tends with time to the state of the base M� model and its �ow

inputs	

As with M� models� all theorems rely on the following inequalities	 �pipe
node � ��

�junction � �� �xpipe � �� rpipe � �� � � �� �pipe
node � �� 	pipe� � � and �junction � � for all

pipes� nodes and junctions	

If the base M� model is rearranged and partitioned as equation ��	
�� then the cor�

responding M� model has the form

�
�� E��� �

E��� �B�
���

�
��
�
�� p

�
�k 
 
�

d�k 
 
�

�
�� �

�
�� A��� �

A��� B�
���

�
��
�
�� p

�
�k�

d�k�

�
��


�
�� B

�
��� �E���

� �E���

�
��
�
�� p

�
�k 
 
�

p
�
�k 
 
�

�
��




�
�� B

�
��� A���

� A���

�
��
�
�� p

�
�k�

p
�
�k�

�
�� � �����

��



W



Proof

Above it was shown that the eigenvalues� 
i� of anM� system are given by the eigen�

values of the matrix blocks E�����A��� and ��B�
����

��B�
���	 By Theorem �	�� the eigenvalues

of E�����A��� are within the unit circle for 
�����
��	 The eigenvalues of ��B�
����

��B�
���

are its diagonal elements ��
 � ����	 For � � 
�� these diagonal elements are equal to

�
� and hence theM� system will have g eigenvalues equal to �
	 For �
��� � ��
� we

have j�
 � ��j � 
��� and hence we have j�
 � ��j�j�j � 
	 Thus� for �
��� � ��
� we

have j � �
� ����j � 
 and the g eigenvalues of ��B�
����

��B�
��� are within the unit circle	

�

The advantage of an M� model over an M
 model is that an M� model uses the

original g � 
 �connectivity equations� ��	��� and the single downstream �ow bound�

ary equation ��	
�� in the estimation of the �ow demands	 These �ow equations are

based on central di�erence approximations of equation ��	
��� whereas to estimate the

�ow demands with an M
 model requires the use of less accurate forward or backward

di�erences of equation ��	
��	 For M� models we have the following theorem	

Theorem ��� When pressure data is fed from a base M� model into its corresponding

M� model� then for 
�� � ��
� the system state of the M� model tends with time to the

state of the base M� model and its �ow inputs�

Proof

We can rewrite the M� model as

E�p
�
�k 
 
� 
 E��p

�
�k 
 
� �B��

p
�
�k 
 
� �B���

d�k 
 
� �

A�p
�
�k� 
A��p

�
�k� 
B��

p
�
�k� 
B���

d�k� �����

and we can rewrite the M



where the M� state vector is

x��k� � ��pT
�
�k� � �d

T
�k��T �

Subtracting equation ��	�� from equation ��	�� gives

E��p
�
�k

���p

�
�k

���B���

�d�k

���d�k

�� � A��p
�
�k���p

�
�k��
B���

�d�k���d�k���

�����

If we de�ne the errors

e��k� � p
�
�k�� �p

�
�k�

e��k� � d�k�� �d�k�

then equation ��	�� becomes

E �e��k 
 
��B���

e��k 
 
� � A�e��k� 
B���

e��k�� �����

Equation ��	�� can be arranged as the system

E�e�k 
 
� � A�e�k�

where e�k� is n dimensional and has the form

e�k� �

�
�� e��k�

e��k�

�
��

and E� and A� are identical to the system matrices of the M� model	

From Theorem �	�� if 
�� � ��
 then M� system is asymptotically stable� and we

can see that the error� e�k�� decays away	 Then the system state of theM� model tends

with time to the state of the base M� model and its �ow inputs	 �

If a real gas network� from which pressure data was taken to drive the M� model�

was accurately modelled by the base M� model� then for ���
��� 
� theM� model state

should tend to the true state of the gas network	

��� Experiments

When theM� model had been running for a while� the pressures at the upstream end and

the sites of �ow demand were recorded at each timestep and fed into an M� model	 The

��



�ow demands predicted by the M� model were then compared with the true �ows used

as inputs to the M� model	 For experiments �	
 to �	�� the M� model simulating a gas

network was identical to theM� model upon which theM� model was constructed	 For

experiment �	�� the M� model simulating a gas network had a much �ner discretisation

�in both space and timeisation
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��� Discussion

It is immediately apparant that the central di�erence approximation of equation ��	
��

has very greatly reduced the error in the estimates of the �ow demands	 Indeed� it can

be seen that� for 
�� � ��
� with identical meshes the state of theM� model tends with

time to the exact state of the baseM� model and its �ow inputs	 However� like theM


models� we have not presented a theoretical guarantee of the convergence of the solution

to theM� model to the solution of the governing di�erential equations ��	
��� ��	
��� as

the computational mesh is re�ned	 The possibility of such a proof w
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Chapter �

Formulation of a New M� Variant

Model for Use in Direct and

Dynamic Observers

We now show how a new model variation� denoted byM�� which is capable of estimating

�ow demands� may be constructed from a base M� model using information about the

�ow demands� such that these new M� models are observable�

Since� in practice the �ow demands change very slowly with time� the M� models

assume

flow demanddemand site
k�� � flow demanddemand site

k �

i�e�

ddemand site
k�� � ddemand site

k for all k� �	�
�

The key feature ofM� models is that they contain di�erence equations of the form �	�
��

Then to form an M� model� we start from a base M� model and move the g dimen


sional vector� d�k�� from the input vector to the state vector� We then introduce g new

trivial di�erence equations of the form

d�k � 
� � d�k� �	���

into the new system� Assuming the base M� model is arranged and partitioned as in

��



equation ���
�� then the new n� g dimensionalM� system has the form

�
�� E� �B���

� I

�
��
�
�� x��k � 
�

d�k � 
�

�
�� �

�
�� A� B���

� I

�
��
�
�� x��k�

d�k�

�
���

�
�� B��

�

�
�� p

�
�k�
��

�
�� B��

�

�
�� p

�
�k�

�	���

which can be expressed in the general descriptor system form

E�x��k � 
� � A�x��k� �B�

�
u��k � 
� �B�

�
u��k�� �	���

For such an M� model� the only input required is the upstream pressure �assumed

known�� The g pressure measurements of the real gas network at the sites of �ow demand

are not needed as inputs to the M� model� and are in fact measurements of its state

variables

y
�
�k� � C�x��k� �	���

available for use in a direct or dynamic observer�

��� Theorems

In this section� we �rstly prove that the matrix E� of an M� model is full rank if � � ��

We next prove that if � � �� then anM� model with pressure measurements available at

the sites of �ow demand is completely observable� This result is then used to prove that

for 
�����
� M� models are completely observable if there are pressure measurements

available at all the sites of �ow demand� Lastly� it is proved that M� models are not

completely observable if there are fewer measured pressures than �ow demands�

Theorem ��� If � � �� the matrix E� of an M� model is full rank�

Proof

E� is �n� g���n� g� and takes the form

E� �

�
�� E� �B���

� I

�
��

where I is g�g�

	�



By construction� since we have already shown E� is invertible for � � �� E��

� is

�n� g���n� g� and takes the form

E��

� �

�
�� E��

� E��

� B���

� I

�
��

where I is g�g�

Hence� the matrix E� of an M� model is full rank� �

Theorem ��� If � � �� an M� model with pressure measurements available at the sites

of �ow demand is completely observable�

Proof

The M� system ������ has g pressure measurements available at the sites of �ow

demand� corresponding to the following g dimensional vector of state variables

y
�
�k� � C�x��k� �	�	�

where C� is g�n and is the measurement matrix�

Since we have shown that the eigenvalues of an M� system are real for � � �� the

M� system with measurements �	�	�� is observable if and only if for ��R

�A� � �E��v � � �	���

C�v � � �	���

��

v � � �	���

where v�Rn�

Equation �	��� �� equations �	���� �	��� trivially�

We assume the pressure variables are arranged in the state v



where each pipe has spipe � 
 nodes� E



The M� system is observable if and only if for all �



Hence� we have vn � � � vg � �� and so equations �	�
��� �	�

� �� �	�
���

We secondly consider the case � � 
�

Let the base M� system be partitioned according to equation ���
�� Then equa


tion �	�
�� can be written as the following system of n equations for the n�g dimensional

vector v

��A� � �E�� �A�� � �E ��� �B���

� ���B���

���

�
������

v�n

v��n

vg

�
������ � � �	�
��

where

vn �

�
�� v�n

v��n

�
��

and v�n�R
n�g and v��n�R

g�

Equation �	�
�� zeros the elements of v��n� Removing v��n from system �	�
�� gives the

system

��A� � �E�� �B���

� ���B���

���

�
�� v�n

v



Theorem ��� AnM�model will not be completely observable if there are fewer measured

pressures than �ow demand state variables�

Proof

We assume we have g �ow demand state variables� and less than g pressure measure


ments�

Necessary and su�cient conditions for the complete observability of an M� system

are given by equations �	�
��� �	�

� and �	�
���

If � � 
� then� since there are g �ow demand state variables� the bottom g rows of

the matrix �A� � �E�� are zero vectors� Hence the maximum rank of �A� � �E�� is n�

Also� since there are less than g pressure measurements� the maximum rank of C� is less

than g�

Hence� for � � 
� if we combine systems �	�
�� and �	�

� into a single system to solve

for v� such a system would have rank less than n� g� Hence� equations �	�
�� and �	�

�

would have non
zero solutions for v�

Thus� equations �	�
�� and �	�

� do not imply equation �	�
��� and hence the M�

system is not observable� �

For M� models constructed with trivial di�erence equations of the form �	�
�� it

was found direct observers did not work well� Thus to estimate the �ow demands in

the gas network� a dynamic observer constructed upon an M� model is run assuming

all the pressure and �ow perturbations are initially zero� The pressure perturbation

measurements are fed in at each time level� and the observer state tends to the state of

the gas network with time� Perfect asymptotic convergence is not obtained unless the

�ow demands do not vary with time� since equations �	��� contain modelling error� If the

�ow demands are changing� although not too rapidly� the observer still tracks the state of

the gas network fairly well� Indeed� typically� the �ow demands in gas networks change

only slowly throughout the day�

	�



��� Weighted M� Models

In fact� the pro�les of the �ow demands are fairly well known from other measured

demands that change thoughout the day with similar patterns of gas consumption� More

accurate M� models may be constructed using such information available about the

shapes of the �ow demand pro�les with time� This corresponds to knowing the constants

fdemand site
k in

flow demanddemand site
k�� � flow demanddemand site

k � fdemand site
k

where the fdemand site
k may be estimated from the telemetry from other measured demand

�ows� After normalisation� we would have

normalised flow demanddemand site
k�� � normalised flow demanddemand site

k � �fdemand site
k

where �fdemand site
k � fdemand site

k �Nq� i�e�� we would have



convergence because we have lost the modelling error in the extra trivial di�erence equa


tions �	���� for the �ow demand perturbations� However� now direct observers work well

enough to be used as well� Obviously� in practice� the estimates of the �fdemand site
k would

not be exact� and there would still be some error in the observer estimate�

��� Experiments

When the M� model had been running for a while� the pressures at the upstream end

and the sites of �ow demand were recorded at each timestep and fed into the variousM�

model
based observers� The �ow demands predicted by these techniques were compared



����� Experiments with no weightings� �fdemand site
k



Experiment 	�
	� Observer Design C �small eigenvalues� with � � 


Data taken from M� model with much 
ner mesh � M� model has � spatial

nodes along each pipe�

Experiment 	�
�� Observer Design A with � � 


Experiment 	�
�� Observer Design A with � � ���

	�
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��� Discussion

��	�� Observer Design A 
 The Direct Observer

When the weightings� �fdemand site
k � were not included in the M� model� the direct ob


server gave poor results� However� when the �fdemand site
k were included� for all values of

���
��� 
�� the state estimate of the direct observer contained no error when data was

taken from an M� model with an identical mesh� and contained only a small amount of

error when data was taken from an M� model with a much �ner mesh� Curiously� in

contrast to dynamic observer designs� the direct observer gave the most accurate state

estimates with � � 
�� rather than with � � 
� The graphs presented begin at timestep


� due to the need to build up enough timesteps to be able to solve equation ����� directly

for the state estimate�

The main disadvantage with the direct observer was the large amount of computa


tional work involved�

��	�� Observer Design B 
 The Dynamic Observer Without

Feedback at the Current Time�Level

When the weightings� �fdemand site
k � were not included in the M� model� after an initial

large error over the �rst few timesteps characteristic of observer designs� design B ob


servers gave fair estimates of the demand �ows when small eigenvalues were assigned�

However� these dynamic observers gav



However� if the demand �o





We show that an upper bound on the norm of the error in the state estimate of an

M� model based dynamic observer� caused by modelling error presen



observer system helped to reduce the error in the state estimate�

When the weightings� �fdemand site
k � were included in the M� model� the design B dy


namic observer state estimates converged perfectly for � � 
� with both small and large

system eigenvalues� Assigning small system eigenvalues to the design B dynamic ob


servers gave faster convergence� However� as � moved to 
��� a very small amount of

error began to persist in the state estimate�

Lastly� when pressure data was taken from an M� model constructed upon a much

�ner mesh� only a small amoun



As with design B observers� l��k� acts as a forcing term on the errors� However� the

matrix H was chosen to minimise the �
norm of �E� �HC����� and this matrix is im


plicitly multiplied into the forcing term� l��k�� thus reducing its e�ects� With � � 
� in

the experiments with dynamic observers the �
norm of the matrix E��
� was 
���� while

the �
norm of �E��HC���� was ���	� this is believed to explain the improvement in the

accuracy of the state estimate when feedback is included at the current time
level�

In an equivalent manner to design B observers� it may be shown that the robust

eigenstructure assignment technique might help to reduce the error introduced into the

state estimate by the form of the modelling error presen



When the weightings� �fdemand site
k � were included in the M� model� the design C dy


namic observer state estimates converged perfectly for � � 
�

Lastly� as with design A and B observers� taking pressure data from an M� model





where I is g�g� and where the H matrix is zero for a design B dynamic observer� This

gives a new state estimate for k � �� �� ����

ith Cycle

This process can be repeated for a number of cycles� each time making use of the

discrete jumps in the demands estimated by the previous cycle� The ith cycle estimate�

bxi��k
 for k � �� �� ���� is calculated from

�E��HC�
bxi��k��
 � �A��GC�
bxi��k
�B�
�u��k��
�B�

�u��k
�Hy
�
�k��
�Gy

�
�k


�

�
�� � �

� I

�
�� �bxi��

� �k � �
 � bxi��
� �k

 ���	


where I is g�g� and where the H matrix is zero for a design B dynamic observer� This

gives a new state estimate for k � �� �� ����

Each further cycle is simply another dynamic observer travelling along the time axis�

incorporating information from the state estimate of the previous cycle �dynamic ob�

server
� It is not immediately obvious how many cycles should be used� it may be that

only a second cycle is needed for a signi
cant improvement in the state estimate� A

natural question to ask is what happens to the state estimate� bxi��k
 for any timestep k�

as i���� We have the following convergence theorem for cycling based upon a design

C observer only�

Theorem ��� When cycling is performed upon a design C observer� for each timestep�

k� bxi��k
 tends to a limit as more cycles are performed� i�e�

bxi��k
��bx��k
 as i����

if and only if all the eigenvalues of �E� �HC�
��� are within the unit circle�

Proof

��



Consider a timestep T � We wish to investigate the convergence of bxi��k
 for k �

�� ���� T � as the number of cycles increases� De
ne

zi �

�
��������������������

bxi��T 

bxi��T � �


���

bxi��	

bxi���


�
��������������������

�

Then from the general cycle equation ���	
� it can be seen z �����



v �

�
��������������������

B�
�u��T 
 �B�

�u��T � �
�Hy
�
�T 
 �Gy

�
�T � �


B�
�u��T � �
 �B�

�u��T � 	
�Hy
�
�T � �
 �Gy

�
�T � 	


���

B�
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�Hy
�
�	
 �Gy

�
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B�
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�u���
 �Hy
�
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 � �



where l��k
 is a vector containing the �fdemand site
k terms�

The general ith cycle �for i � �
 is given by equation ���	
� If we de
ne the error

between the ith cycle observer estimate and the model ����
 to be

ei�k
 � x��k
� bxi��k
 ����


then subtracting equation ���	
 from equation ����
 gives

�E� �HC�
e
i�k � �
 � �A� �GC�
e

i�k
 � l��k
��bxi��
� �k � �
 � �bxi��

� �k


which� using equation ����
� can be rewritten as

�E��HC�
e
i�k��
 � �A��GC�
e

i�k
�l��k
���x��k��
�ei���k��
����x��k
�e
i���k
��

����


Inspection of the structure of theM� model ����
 shows

l��k
 � �x��k � �
 ��x��k
� ����


Adding equation ����
 to equation ����
 gives

�E� �HC�
e
i�k � q u 3 w . 5 2  0  0  - . 4 8  2 1 0 . 4 5 6  4 T f 
 6 0  8 8  5 5 8 . 9  T m 
 ( � ) T j 
 / T 2  4 0  T D 
 [ ( A d d i n g ) - 1 6 0 0 0 ( e ) - . 1 ( q u a t i o n ) - 1 7 0 0 0 . 1 ( � � � � 
 ) - 1 5 7 2  0  T D 
 ( � ) T j 
 / T 7  1  T f 
 2 7  0  T D 
 ( � ) T j 
 / T 2  1  T f 
 D 
 ( � ) T j 
 / T 2  1  T f 
 D 
 ( � ) T j 
 / T 2  1  n 1 . 7 6  4 8 2 . T f 
 1 9  0  �  0  - . 4 8  2 1 0 . 4 5 6  4 1 6 . 1 2 4  c m 
 / I m 1  D o 
 Q 
 B T 
 / T 8  1  T f 
 . 3 3  0  0  - . 2 4  2 1 6  4 2 2 . 1 0 0 1  T m 
 ( i ) T j 
 / T 2  1  T f 
 1 4  2 0 . 0 0 0 1   0  - � k�

i
�k



where the matrices R and S are as previously de
ned�

w �

�
��������������������

�

�

���

�

f�e��



�
��������������������

�

e��
 � ei��
 for all i� is the error in the observer initial conditions for all cycles� and

f�e��

 � ��A� � GC�
 � ��e��
� If system ����
 has its system eigenvalues within the

unit circle and is convergent to a limit� �� then this limit satis
es

R� � S�� w�

i�e�

�R � S
� � w� �����


Then we can see that

�i���R � S
��w as i����

where the matrix �R�S
 is invertible since system ����
 does not have an eigenvalue equal

to �� From the previous analysis� a su�cient condition for this is k�E� �HC�
��k� � ��

We can see that if the observers are giv



as

�
����������

��E� � HC����	 ���A� �GC�� � �	


 
 


 
 


��E� �HC����	 ���A� �GC�� � �	

��E� �HC����	
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e�T �

e�T � ��
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e���

�
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�

f�e����

�
������������

where

� � �e�T 
T � e�T � �
T � ����� e��
T �T �

By inspection of the above� we 
nd

��E�



stepping through time� By inspection of the above system� it is immediately apparant

that the trivial di�erence equations for the �ows� and thus the modelling error they

contain� have been removed� However� it can be shown that it is not now possible to 
nd

feedback matrices G and H to assign arbitrary eigenvalues to this new system� This is

further explored in the discussion of the experimental results�

��� Experiments

When theM� model had been running for a while� the pressures at the upstream end and

the sites of �ow demand were recorded at each timestep and fed into theM� model�based

cycling observers� The �ow demands predicted by these techniques were then compared

with the true �ows used as inputs to theM� model�

For each experiment� the true �ow demand pro
les for the demands� DA�B
k � DB�C

k and

DC
k are shown as thick lines in Figs� A� B and C respectively and the state estimates for

D
A�B
k � D

B�C
k and DC

k are shown as thin lines� The percentage errors between the state

estimates of DA�B
k � DB�C

k and DC
k and their true values are shown in Figs� D� E and F

respectively�

In all experiments� data was taken from anM� model with an identical mesh � both

M� andM� models have �� 8Tf
41 -25.0001i/sh en hah59(D)Tj
/T8 1 16n hpnputsnputs2(rc�)-21000enputsM1(h
[()Tj
/T2 1 TT
[(ee8)-17999.8o14000(B)c6270(o)]TJ
/T6 1p19000(349(t)meTf
136 0TD
[(�)-8)-[(Intimates)-1Emen)]TJ
261 0 TD
[(t�3al)-14000(6000(b)-���99.2TJ
/T6 1O1 0 TD
[(e28)-13000(a)rTJ
254 0Desigpared)]TJB e�smxp id
627ig TD
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��� Discussion

The graphical results of these experiments should be compared to the graphical results

of the previous chapter�

Regarding the �	 cycle� experiments� ��� to ���� only with the design C observer� was

the state estimate much improved over the entire �ow pro
le� However� with the design

B observer� there was signi
cant improvement in the state estimate of certain parts of

the �ow pro
les from the second cycle� The second cycles seemed to perform badly where

the gradient of the �ow pro
le changed sharply� but signi
cantly improved those parts

of the �ow pro
les for which the demand jumps� �fdemand site
k � were constant� This is not

yet understood� but it may be that it would be possible to determine periods in the day

where those parts of the �ow pro
les would respond well to a second cycle�

Regarding the �many�cycle� experiment� ���� the cycling technique was found to be

convergent only when a design C observer was being used� This behaviour can be ex�

plained by noting that with the design C observer� with � � �� we had k�E��HC�
��k� �

���� � �� and hence� as the previous analysis showed� the cycling technique was con�

vergent� Without feedback at the current time�level being incorporated into the basic

dynamic observer design� this convergence was lost�

The error in the design C observer state estimates� was seen to be very signi
cantly

reduced by cycling to convergence for � � �� Indeed� the error was seen to decay com�

pletely away with time� This behaviour can be explained by the following�

When a cycling technique� based upon a design C observer with k�E��HC�
��k� � ��

converged� we showed that the error in the state estimate obeyed equation �����


��E� �HC�
���e�k � �
 � ��A��GC�
���e�k
�

If we assume theM� model is arranged according to equation ����
� and that the base

M� model is arranged according to equation ����
� then theM� model may be written

���





need to be within the unit circle�

How best to use the cycling technique is still not understood� When the cycling

technique is not convergent� we can still get some improvement in the state estimate of

certain parts of the �ow pro
les from a second cycle� The second cycle seemed to improve

signi
cantly those parts of the �ow pro
les for which the demand jumps� �fdemand site
k � were

constant� This might be particularly useful for a design B observer with � � ��	� since

for � � ��	� the corresponding M	 model has multiple eigenvalues equal to ��� and is

not asymptotically stable�

The most signi
cant improvement in the state estimate came when the cycling tec



Chapter �

The E�ects of Pressure

Measurement Bias on M� and M�

Models� and M� Model Based

Observers

It may be the case that the pressure measurements at the sites of �ow demand are subject

to a constant bias� i�e� instead of using a true value for p
�
�k�� we drive the models and

observers with

p
�measured

�k� � p
�
�k� � b �	�
�

where b represents a vector of biases� constant with time� These constant biases will

introduce error into the state estimates of the di�erent estimation techniques� This is

a serious problem for �ow demand estimation due to the sensitivity of the �ow demand

variables to perturbations in the pressures�

We denote the corrupted model and observer state estimates by xest�k� where

xest�k� � x�k� � xerr�k�

and xerr�k� is the error introduced into the state estimate due to the measurement bias�

Similarly we speci�cally denote the corrupted state estimates of p
�
�k�� p

�
�k� and d�k� by

p
�est

�k� � p
�
�k� � p

�err
�k��

p
�est

�k� � p
�
�k� � p

�err
�k��
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/74 263.17.9999
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If we arrange the pressure variables in the state vector in their order along the pipe

network� i�e� in the following way

x��k� � �p���k� p
�
��k� ����� p

�

s����k� p
�
��k� p

�
��k� ����� p

�

s����k� �������������



From equation �	�	� we have

��z
jp

z
jerr � �z

j��p
z
j��err � �z

j��p
z
j��err � �	�

�

Equation �	�

� combined with inequality �	��� implies

�z
j��p

z
j��err � �z

jp
z
jerr

�z
j��p

z
j��err � �z

jp
z
jerr �

We can continue in this way to show that all the �z
i p

z
ierr are equal for i � 
� ���� sz� So if

we had a maximumvalue for �z
i p

z
ierr

occur internally along the pipe� i�e� for i � 
� ���� sz�
�

then for that particular internal node� say node j� we would have

�z
jp

z
jerr � �z

�p
z
�err

� �z
szp

z
szerr

� �	�

�

Hence

�z
i p

z
ierr
�MAX��z

�
pz
�err

��z
szp

z
szerr

� for i � 
� ���� sz � 
� �	�
��

By considering a minimum value for �z
i p

z
ierr occurring along the pipe� we can similarly

derive

�z
i p

z
ierr�MIN��z

�p
z
�err

��z
szp

z
szerr

� for i � 
� ���� sz � 
� �	�
��

From bounds �	�
�� and �	�
�� we have for a general pipe z

MIN �
�z���zbz���z

�z
i

�
�z�z��bz�z��

�z
i

��pzierr�MAX�
�z���zbz���z

�z
i

�
�z�z��bz�z��

�z
i

� for any node i�

�	�
��

where we have denoted the upstream and downstream normalised measurement biases�

pz
�err

and pzszerr � by bz���z and bz�z�� respectively� Equation �	�
�� represents bounds on

the constant errors in the normalised state estimate of the pressures along a general pipe

z� due to measurement bias� It can be seen that the estimate errors depend only on the

measurement biases at the two ends of the particular pipe z�



�





qzszerr � ��z���
z
szp

z
szerr

� �z
sz��p

z
sz��err���x

z �	����

and

dz�z��err � qzszerr � qz���err
�	����

respectively� where qz
�err

� qzszerr and dz�z��err are the steady errors due to measurement bias

in the estimates of qz��k� q
z
sz�k and d

z�z��
k respectively�

Next we examine the solution to the sz�
 scalar equations �	�	� in order to derive an

explicit formula for qz
�err

and qzszerr in terms of the measurement biases bz���z and bz�z���

For a general pipe z� let

�z � �z
�p

z
�err

� �z
�p

z
�err

� �	����

The �rst scalar equation from the system of scalar equations �	�	� is

� �z
�
pz
�err

� ��z
�
pz
�err

� �z
�
pz
�err

� 
� �	����

Combining equation �	���� with equation �	���� gives

�z � �z
�p

z
�err

� �z
�p

z
�err

� �	����

We can continue to show for pipe z

�z
i��p

z
i��err � �z

i p
z
ierr � �z for i � 
� ���� sz � 
� �	����

Substituting equation �	���� into equation �	��
� and equation �	���� gives

qz�err � qzszerr � ��z��
z��xz� �	��	�

However� adding all sz equations of the form �	���� i�e for i � 
� ���� sz � 
� gives

�z
szp

z
szerr

� �z
�
pz
�err

� sz�z� �	����

Rearranging equation �	���� gives

�z � ��z
szp

z
szerr

� �z
�
pz
�err

��sz� �	��
�

Substituting equation �	��
� into equation �	��	� and using sz�xz � 
� gives

qz�err � qzszerr � ��z���
z�z��bz�z�� � �z���zbz���z�� �	��
�



�



The estimates of the �ow demands can be shown to be more sensitive than the es�

timates of the pressures to measurement bias� If we assume the real gas network is

operating in a fairly steady state� then system ����� also reaches a steady state� Then in

a similar way as for equation �	��
�� we can derive

qz� � qzsz � ��z���
z�z��pz�z�� � �z���zpz���z� �	����

where qz�� q
z
sz � p

z���z and pz�z�� are the steady states of qz��k� q
z
sz�k� p

z
��k and p

z
sz �k respectively�

We assume we have a small inline �ow in pipe section z and that we have linearised about

Qz � 
� then from equations �	��
�� �	���� we may derive



��� M� Models

Consider the M



which is identical to equation �	��� for the M
 model� derr is then given by the last

g rows of system �	��	�� which correspond to the g � 
 connectivity equations� and the

single downstream �ow boundary equation�

We denote the corrupted state estimates of the downstream �ow of the last pipe qgsg�k�

and the demand �ow d
z�z��
k at the general pipe junction z�z � 
� by

qgsg�kest � qgsg �k � qgsg �ker



���z�z���z��� �z��
� ��� ����xz���pz��

��kerr
� �z�z����� ��dz�z��kerr

�

Thus� the last g rows of system �	��	� contain g � 
 scalar equations of the following

form for the variables� dz�z��err

���z�z���z��
z
sz����x

z�pzsz��err � ��z�z���z��
z�z����xz � �z�z���z��� �z�z����xz���pz�z��err

���z�z���z��� �z��
� ��xz���pz���err

� �z�z��dz�z��err � �

and dividing through by �z�z�� and rearranging gives

dz�z��err � f��z���
z�z��pz�z��err ��z

sz��p
z
sz��err���x

zg�f��z��� ��z��
� pz���err

��z�z��pz�z��err ���xz��g� �	�
��

Returning again to the equations governing the errors in the �ow estimates of an M


model� if we substitute equations �	��
� and �	���� into equation �	����� then we derive an

equation which gives the error in a junction �ow estimate of an M
 model� and which is

identical to equation �	��
�� Hence� we have shown the asymptotic errors in the junction

�ow estimates of an M� model are equal to the asymptotic errors in the junction �ow

estimates of an M
 model�

��� Observers Constructed Upon M� Models

We show that the error due to measurement bias introduced into state estimate of the

direct observer� and the asymptotic steady error introduced into a dynamic observer�

constructed upon M� models� are both equal to the asymptotic error introduced into

an M� model� We assume the observers are constructed upon un�weighted M� mod�

els ������ however� the same results may be obtained for weighted M� models ������ by

incorporating the vector of weightings� l��k�� into the analysis�

If the M� model is arranged and partitioned according to equation ������ then equa�

tion �	���� may be written in the form

�
E� �B���

	 ��� p
�est

�k � 
�

dest�k � 
�

�
�� �

�
A� B���

	 ��� p
�est

�k�

dest�k�

�
����

B��

�E��

	 ��� p
�
�k � 
�

p
�
�k � 
� � b

�
��

�
�
B��

A��

	 ��� p
�
�k�

p
�
�k� � b

�
�� � �	��
�

If equation ����� is subtracted from equation �	��
�� we derive

�
E� �B���

	 ��� p
�err

�k � 
�

derr�k � 
�

�
�� �

�
A� B���

	 ��� p
�err

�k�

derr�k�

�
��� E��b�A��b� �	����



�



System �	���� is equivalent to system �	���� and describes how the state estimate error

due to constant measurement bias behaves� As explained previously for system �	�����

system �	���� reaches a steady state given by

�
�E � �A�� ��B���

�B���

�

	 ��� p
�err

derr

�
�� � �E��b�A��b� �	����

We show that the error due to measuremen



�y
�
�k� � b�T � �y

�
�k � 
� � b�T � ����� �y

�
�k � n� 
� � b�Tg�

and n is the number of timesteps over which equation �	���� is solved�

If equation ����� is subtracted from equation �	����� we derive

�X err � �bias� �	����

where

X T
err � fbx�err�k�T � bx�err�k � 
�T � bx�err�k � ��T � �����bx�err�k � n� 
�Tg�

bx�err�k� is the error due to measurement bias in the observer estimate for x��k�� and

�T
bias � f
T � 
T � ����� 
T � bT � bT � ����bTg�

We observe that system ����� is the usual direct observer constructed upon anM� model�

As shown previously in chapter �� if the underlying M� model accurately de.eo 554.604 c5b.1(el)-e
Q
BT
/n�8000(71)0(bserv)]TJ
erlying





where the matrix H may be zero for design B dynamic observers�

If equation ������ is subtracted from equation �	��
�� we derive

�E� �HC��bx�err�k � 
� � �A� �GC��bx�err�k��Hb�Gb� �	����

We observe that system ������ is the usual dynamic observer constructed upon an M�

model� As shown previously in chapter �� if the underlying M� model accurately de�

scribes the behaviour of the gas network� system ������ will tend asymptotically to the

true state of the gas network� Then system �	���� describes how the state estimate error�

bx�err�k�� due to constant measurement bias behaves�

Since the original observer system is assigned eigenvalues within the unit circle� sys�

tem �	���� also has its eigenvalues within the unit circle and is asymptotically stable�

Also� since the input to system �	����� �Hb � Gb� is constant� the system tends with

time to a steady state� bx�err � given by

��E� �HC��� �A� �GC���bx�err � �Hb�Gb� �	����

Assuming the M� model is arranged and partitioned as in equation ������ and the base

M
 system is arranged and partitioned according to equation ���
�� then equation �	����

can be written in the form

�
�� �E� �A�



which is identical to equation �	�����

Hence� the asymptotic error in the M� model�based dynamic observer due to the

constant measurement bias of equation �	�
�� is identical to both the error introduced

into the state estimate of a direct observer and the asymptotic error introduced into the

state estimate ofM� models� which in turn is identical to the asymptotic error introduced

into the state estimate of M
 models�

��� Experiments

As the M
 model was run� the pressures at the upstream end and the sites of �ow

demand were recorded at each timestep� The pressure measurements at the three �ow

demand sites� A�B� B�C and C� were then corrupted by constant biases of 
 bar� �
 bar

and 
 bar respectively� These corrupted pressures were then fed into the M
 and M�

models� andM� model based observers� The �ow demands predicted by these estimation

techniques were then compared with the true �ows used as inputs to the M
 model�

For each experiment� the true �ow demand pro�les for the demands� D
A�B
k � D

B�C
k and

DC
k are shown as thick lines in Figs� A� B and C respectively� and the state estimates for

D
A�B
k � DB�C

k and DC
k are shown as thin lines� The percentage errors between the state

estimates of DA�B
k � DB�C

k and DC
k and their true values are shown in Figs� D� E and F

respectively�

TheM� model based observers include the exact values of the weightings�  fdemand site
k �

in the trivial �ow demand di�erence equations so that the e�ects of the measurement

biases may be observed without other forms of error present�

Data taken fromM
 model with identical mesh �M
�M
�M� andM� models

have �� spatial nodes along each pipe�

Experiment 	�
� M
 Model with � � 


Experiment 	��� M� Model with � � 


Experiment 	��� Observer Design B �small eigenvalues� with � � 
��

Experiment 	��� Observer Design C �small eigenvalues� with � � 



��



Data taken from M
 model with identical mesh � M
 and M� models have �

spatial nodes along each pipe�

Experiment 	��� Observer Design A with � � 
��


��
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��� Discussion

The estimates of the �ow demands� from all of the �ow estimation techniques� were

completely swamped by the error introduced by pressure measurement bias� Hence� a

technique must be found to deal with such measurement biases� One approach would be

to consider such biases as sensor faults and investigate fault diagnosis .9(w)000(in)]iagnosistecfa�����TJ
-1726090.9998 TD
0 [(Anoe)-r12000(b)proac



for some initial conditions� In the preceding analysis of this chapter� it was shown that

the error in the direct observer estimate was given by a steady M� model sequence

E�bx�err�k � 
� � A�bx�err�k� �	����

consistent with constraints

C�bx�err�k� � bp



Chapter �

Measurement Bias and M� Models

It may be the case that the pressure measurements at the sites of �ow demand are subject

to a constant bias� i�e�

y�k� � p
�
�k� � b�k� �	�
�

where b�k� is a g dimensional vector of constant measurement biases� This is a serious

problem for �ow demand estimation and these pressure measurement biases need also to

be estimated�

The g measurement biases are assumed to obey

b�k � 
� � b�k�� �	���

To try to estimate these biases� we construct a new model variation� which we denote

by M�� As with the construction of the earlier M
 model� we start from a base M�

model� As before we �rst incorporate the input variables� d�k�� into the state vector� but

this time theM� models assume trivial di�erence equations for the �ow demands of the

form

flow demanddemand site
k�� � wdemand site

k � flow demanddemand site
k

where the wdemand site
k are estimated from other measured �ow demands� After normali�

sation� we would have

normalised flow demanddemand site
k�� � wdemand site

k � normalised flow demanddemand site
k �

that is� we would have

Qdemand site � ddemand site
k�� � wdemand site

k � �Qdemand site � ddemand site
k �� �	�
�








Hence� the normalised and linearised gas network M� models now contain di�erence

equations of the form

ddemand site
k�� � wdemand site

k � ddemand site
k � �wdemand site

k � 
� � Qdemand site� �	���

These scalar equations may be written together as the following sub�system of the M�

model

d�k � 
� � W �k



the sites of �ow demand are not needed as inputs to the M� model� and are� in fact�

measurements of its state variables

y
�
�k� � C�x��k�� �	���

available for use in a direct or dynamic observer�

��� Theorems

In this section� we �rstly prove that the matrix E� of anM� model is full rank if � � ��

Secondly� we prove certain conditions to be su�cient to guarantee the assignability of

eigenvalues to the observer at a particular timestep� In fact� we show that for 
�����
�

if at a particular timestep� the diagonal elements of W �k� are not equal to either 
 or to

any of the eigenvalues of the correspondingM� model� then at that timestep the Hautus

condition holds for theM� model �	���� Finally� we show the necessity of the newM�

model form of the pro�le di�erence equations for the �ow demands� It is shown that if

the pro�le di�erence equations of an M� model are replaced by the M
 model pro�le

di�erence equations� then the Hautus condition never holds at any timestep k�

Theorem ��� If � � �� the E� matrix of an M� model is full rank�

Proof

E� is �n� �g���n� �g� and takes the form

E� �

�
������

E� �B���

�

� I �

� � I

�
������

where I is g�g�

By construction� since we have already shown E� is invertible if � � �� E��
� is

�n� �g���n� �g� and takes the form

E��

� �

�
������

E��
� E��

� B���

�

� I �

� � I

�
������



�



where I is g�g�

Hence� the E� matrix of anM� model is full rank� �

Theorem ��� For 
�����
� if at a particular timestep the diagonal elements of W �k�

are not equal either to 
 or to any of the eigenvalues of the corresponding M� model�

then at that timestep the Hautus condition holds for the M� model ������

Proof

By inspection� at any particular timestep� k� the eigenvalues of an M� system con�

sist of the n eigenvalues of the base M� system� g eigenvalues equal to the g variables

wdemand site
k � and g eigenvalues equal to 
� Hence� the eigenvalues of theM� system are

real�

The Hautus condition holds for theM� system if and only if for all ��R

�A��k�� �E��v � � �	���

C�v � � �	�	�

��

v � � �	�
��

where v�Rn��g�

Equation �	�
�� �� equations �	���� �	�	� trivially�ection�0(o)0(nlexpressed0(�	����in9.9(condit6000(eigen)follo31.0013D
(��)Tj[(wing0.1(�	�	�)w31.001D
(M)Tj
/a.0001 0 TD
[(alue000000110 TD
[(�)-16000(H(of)17000(Hautus)-15999583 90 T9 89TD
(where[tion)-16000(holds)-17000(for)-17000(t6condit60007 1 Tf
382 0 5D
(M)Tj
/T4 1 Tf
59.9999 0 TD
[(�)-16000.1(s).1(ystem)-15000(if)-15000.1(anda7000(o)0(n-169tem)6000.1(i).1(f)-16000(f)-.1(or)-16999.9(all)]TJ
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635 0 TD
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[(alue0T7 1 Tf
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(R)Tj
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-873.00744135 TD
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/T5 1 Tf
19 0 TD
(A)Tj
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-1079 Tf
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49 0 TD
(M)Tj
//T6 1 Tf
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and vn�g�R
n�g and bvg�Rg�

Equation �	�
�� zeros the elements of vn corresponding to the measured pressures at

the sites of �ow demand� i�e� equation �	�
�� zeros bvg� Removing bvg from system �	�
	�

gives the system

��A�� �E�� �B���

� ���B���

���

�
�� vn�g

vg

�
�� � �� �	����

However� the system matrices of anM� model corresponding to the baseM� model

have the form

E� � �E� �B���

�

A� � �A� B���

��



Hence we have v � ��

Hence� we have the result� equations �	���� �	�	� �� equation �	�
���

Hence� for 
�����
� if at a particular timestep the diagonal elements of W �k� are

not equal either to 
 or to any of the eigenvalues of the corresponding M� model� then

at that timestep the Hautus condition will hold for theM� model �	���� �

We construct dynamic observers for such an M� system by �nding a new feedback

matrix� G�k�� at each timestep to assign eigenvalues within the unit circle� Since� the

matrixA��k� is time�varying� assigning eigenvalues within the unit circle is not necessarily

su�cient to cause the observer to converge asymptotically� However� if the dynamics

of the real system are quite slow� from �
��� it follows that assigning su�ciently small

eigenvalues may well give convergence�

We can �nd the feedback matrix G�k� to assign observer eigenvalues arbitrarily at

each timestep k when the Hautus condition holds� and the above theorem implies the

Hautus condition does not hold for only a few speci�c values of the coe�cients wnode
k � At

these particular timesteps we can run the simple M� model i�e� without the observer

feedback terms G�y



Proof

If we had incorporated the previous M
 model form of di�erence equation ������

intoM� models� theM� system matrices would have been identical except that for the

matrix block W �k�� we would have had W �k� � I for all timesteps k� Thus� the matrices

E� and A� would have had the form

E� �

�
������

E� �B���

�

� I �

� � I

�
������

and

A� �

�
������

A� B���

�

� I �

� � I

�
������ �

The Hautus condition holds for this alternativeM� system if and only if for all ��R

�A� � �EA�



��� Experiments

As the M� model was run� the pressures at the upstream end and the sites of �ow

demand were recorded at each timestep� The pressure measurements at the three �ow

demand sites� A�B� B�C and C� were then corrupted by constant biases of 
 bar� �
 bar

and 
 bar respectively� These corrupted pressures were then fed into both design A and

design B observers constructed upon anM� model� For the design B dynamic observer�

the feedback matrix� G� was recalculated at each timestep� and the assigned eigenvalues

were spread evenly in the interval ��� ��
�� Experiments with design C observers are not

presented since design C observers constructed upon M� models were found to behave

similarly to design B observers� The �ow demands predicted by the observers were then

compared with the true �ows used as inputs to the M� model� For experiments 	�
 to

	�
� theM� model simulating a gas network was identical to theM� model upon which

the M� model was constructed� For experiments 	�� to 	��� the M� model simulating

a gas network had a much �ner discretisation �in both space and time� than the M�

model�

In all experiments� the M� models were given the exact values of the pro�le coe��

cients� wdemand site
k � calculated from the �ow demand inputs to theM� model�

For each experiment� the true �ow demand pro�les for the demands� DA�B
k � DB�C

k and

DC
k are shown as thick lines in Figs� A� B and C respectively� and the state estimates for

D
A�B
k � D

B�C
k and DC

k are shown as thin lines� The percentage errors between the state

estimates of D
A�B
k � D

B�C
k and DC

k and their true values are shown in Figs� D� E and F

respectively�

Data taken from M� model with identical mesh � both M� and M� models

have �� spatial nodes along each pipe�

Experiment 	�
� Observer Design B with � � 


Experiment 	��� Observer Design B with � � ����

Experiment 	�
� Observer Design B with � � ���

Data taken fromM� model with much 	ner mesh � M� model has 
 spatial

nodes along each pipe�


�




Experiment 	��� Observer Design A with � � 


Experiment 	��� Observer Design A with � � ����

Experiment 	��� Observer Design A with � � ���

Data taken fromM� model with much 	ner mesh � M� model has �� spatial

nodes along each pipe�

Experiment 	��� Observer Design B with � � 


Experiment 	��� Observer Design B with � � ����


��
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��� Discussion

The chosen �ow pro�le was a severe test for the observers due to the long central period

for which the �ow demands remained constant� For this period the feedback was omitted

from the dynamic observer leaving the simpleM� model�

When data was taken from anM� model with an identical mesh� the direct observer

gave perfect state estimates for all timesteps �although these graphs are ommitted�� for all

values of ���
��� 
�� However� if fewer spatial nodes were used� the direct observer could

fail during the period for which the �ows remained constant� Increasing the number

of spatial nodes increased the dimension of the M� model� and hence� the number of

timesteps over which equation ����� was solved�



rect and dynamic observers behaved poorly for � � 
� Direct and dynamic observers

constructed upon M� models are in some sense more sensitive to modelling �and mea�

surement� error than previous estimation techniques investigated in this thesis� From

various experiments performed� it was seen that the error present in the state estimates

generally seems to have the following form� The error seems to decrease over periods

when the pro�le coe�cients� wdemand site
k � are constant� but increase suddenly when there

is a sudden change in the values of wdemand site
k � This is not understood� but it may be

the case that an alternative observer design could help to reduce such error� Perhaps an

observer that switched between the di�erent models� M
 and M�� at certain times of

day could be designed to estimate the biases� where theM� model based observer would

run over certain �favourable� timesteps only� Then these estimates of the biases may be

kept while an M
 model based observer is run over periods where anM� model based

observer would fail�

However� as � moved from 
 to 
��� the error introduced by taking data from a �ner

mesh was reduced� For � � 
��� the dynamic observer failed due to the sensitivity of the

observer eigenvalues� however� the direct observer coped very well indeed�

In the next chapter� we look at the problem of pressure measurement noise� Experi�

mental results show clearly the extra sensitivity ofM� models� the �ow state estimates

of which are completely swamped by the error introduced by measurement noise� To deal

with this problem� we examine two simple smoothing techniques� and derive two �nal

model variations�M� andM�� to deal with the problem of the sensitivity of the �ow de�

mand estimates� M� andM� models have only a single total �ow demand perturbation

state variable that is the sum of all the individual demand �ow perturbation variables�

Such models are less sensitive to pressure measurement noise�


��



Chapter ��

White Noise� Flow Integration

Smoothing Techniques� M� and M�

Models�

All pressure measurements taken from gas networks are subject to white noise� which is

assumed to have a Gaussian distribution with mean � bar and standard deviation ��� bar

����� ����	 Due to the sensitivity of small 
ow demand estimates to pressure measuremen



N	B	 Up un



biases of � bar� �� bar and � bar respectively	 These corrupted pressures were then fed

into the M� and M� models� and M� and M� model based observers	 The 
o
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������ Discussion



Since the assigned observer eigenvalues are asymptotically stable� we would expect that

in the sum
Ps

k�rek� the individual ek cancel out to some extent� and thatPs
k�r

bddemand site
kPs

k�rd
demand site
k

��� as s� r���� ������

Some attempt was made to provide a statistical proof of equation ���	��� but this was

not achieved	 Future theoretical investigation of the validity of equation ���	��� would be

worthwhile� and a useful reference for this would be ���� p	��	 Assuming equation ���	��

holds� if the time period k � r� ���� s is large enough�
Ps

k�r
bddemand site
k is a good estimate

of
Ps

k�rd
demand site
k 	

If� after a large time period� k � r� ���� s� we assume we have a good estimate ofPs
k�rd

demand site
k � then we can �nd ddemand site

r from the following	

From the de�nition of the 
ow demand pro�le jumps� �fdemand site
k � it can be seen that

for any timestep k

ddemand site
k � ddemand site

r �
Xk��

j�r
�fdemand site
j if k � r

from which we can derive

Xs

k�r
ddemand site
k � �s� r � ��ddemand site

r �
Xs

k�r��
�
Xk��

j�r
�fdemand site
j ��

i	e	

ddemand site
r �

�
Ps

k�rd
demand site
k ��

Ps
k�r���

Pk��
j�r

�fdemand site
j �

�s � r � ��
�

Once
Ps

k�r
bddemand site
k is calculated� it may be used as an estimate for

Ps
k�rd

demand site
k 	

ddemand site
r may then be estimated from the above equation	 From ddemand site

r � w
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������ Discussion

It can be readily seen that the M� 
ow integration smoothing technique signi�cantly

reduces the error� due to pressure measurement noise� in the 
ow demand estimates of

M� model based dynamic observers	 Also� the smoothing technique maintains the true

�shapes� of the pro�les� but with the measurement noise causing such estimated pro�les

to be shifted up or down the 
ow demand axis	

Although it was not investigated experimentally� theM� 
ow integration smoothing

technique could be implemented as a �ltering technique for each current time�level	 At

each new timestep� s� the smoothing process would be carried out over some timesteps�

k � r� ���� s� to give a �ltered estimate for the current time�level s	 This would be a more

useful approach� and the e�ectiveness of such anM� 
ow integration �ltering technique

would be worth exploring	

���� The M� Flow Integration Smoothing Tech�

nique

For theM� 
ow integration smoothing technique� we use trivial di�erence equations for

the 
ow demand perturbations of the form ��	��	 An M� model based observer is run

continuously	 Over some time interval� k � r� ���� s� �say one hour�� for each demand

the estimated 
ow perturbation at each time step is integrated� that is� for each 
ow

demand� we �nd
Ps

k�r
bddemand site
k � where bddemand site

k is our noise contaminated estimate

of ddemand site
k 	 As explained previously� we expect that if the time period k � r� ���� s is

large enough� then
Ps

k�r
bddemand site
k will be a good estimate of

Ps
k�rd

demand site
k 	

Firstly� it is obvious that

Total normalised integrated flow �
Xs

k�r
�ddemand site

k �Qdemand site�

� �s� r � ��Qdemand site �
Xs

k�r
ddemand site
k � ������

Secondly� from equation ��	�� it can be seen that

Total normalised integrated flow � �ddemand site
r �Qdemand site�

���



��� � wdemand site
r � wdemand site

r wdemand site
r�� � ����

Ys��

k��r
wdemand site
k� �

� �ddemand site
r �Qdemand site��� �

Xs��

k�r
�
Yk

k��r
wdemand site
k� ��

� ddemand site
r ���

Xs��

k�r
�
Yk

k��r
wdemand site
k� ���Qdemand site���

Xs��

k�r
�
Yk

k��r
wdemand site
k





������ Discussion

For Figs	 D and F� the graphs coincide with the axes	

It can be readily seen that theM� 
ow integration smoothing technique signi�cantly

reduces the error� due to pressure measurement noise� in the 
ow demand estimates of

M� model based dynamic observers	 However� the error is still very large indeed	

In a similar way to theM� 
ow integration smoothing technique� theM� 
ow inte�

gration smoothing technique may be implemented as a �lter for each current time�level	

Although anM� 
ow integration �ltering technique was not investigated experimentally�

the performance of such a technique would be worth exploring	

The M� and M� models still contain the underlying sensitivity of the small 
ow

demands to pressure measurement perturbations	 For this reason we next examine two

new model variations�M� andM� models� for which the estimates of small 
ow demands

from observers constructed upon such models are signi�cantly less sensitive	

���� The M� Model

Due to the sensitivity of the previous models to pressure measurement noise� we now

investigate a new model variation� denoted by M�� which has only a single total 
ow

demand perturbation state variable that is the sum of all the individual demand 
ow

perturbation variables	 We consider the g scalar equations of the form ��	���	 If we add

these g equations together we can derive

dtotk��





�

�
�� v�k � ��

�

�
���

�
�� v�k�

�f totk

�
�� ������

where the vectors e�k � �� and a�k� contain only the time�varying coe�cients linking

the total 
ow variable� dtotk � with the new forms of the g � � connectivity equations and

the single downstream 
ow boundary equation	 Likewise� the vectors v�k � �� and v�k�

contain only elements associated with the g 
ow equations	 These elements of e�k � ���

a�k�� v�k � �� and v�k� are now determined by considering the new forms of the 
ow

equations inM� models	

The original general �connectivity equation� between two pipe sections z and z � � is

given by ��	���	 For anM� model� equation ���	�� is substituted into equation ��	��� to

give

���z�z���z��
z
sz�����x

z�pzsz���k�� � �� � �z�z���z��
z�z�����xz � �z�z���z��� �z�z�����xz���pz�z��k��

���z�z���z��� �z��
� ���xz���pz��

��k�� � �z�z�����z�z��
k�� dtotk�� � �

z�z��
k�� Q

tot
�Q

z�z��� �

��z�z���z��
z
sz���������x

z�pzsz���k�����
z�z���z��

z�z���������xz
��z�z���z��� �z�z���������xz���p

z�z��
k

� ��z�z���z��� �z��
� ��� ����xz���pz��

��k ��z�z���� � ����
z�z��
k dtotk � �

z�z��
k Q

tot
� Q

z�z��� ����	�

which can be rearranged to

���z�z���z��
z
sz�����x

z�pzsz���k�� � �� � �z�z���z��
z�z�����xz � �z�z���z��� �z�z�����xz���p

z�z��
k��

���z�z���z��� �z��
� ���xz���pz��

��k�� � �z�z����
z�z��
k�� dtotk�� �

��z�z���z��
z
sz���������x

z�pzsz���k�����
z�z���z��

z�z���������xz
��z�z���z��� �z�z���������xz���pz�z��k

���z�z���z��� �z��
� ��� ����xz���pz��

��k ��z�z���� � ���
z�z��
k dtotk

� �z�z�����
z�z��
k�� Q

tot
� Q

z�z���� �z�z����� ����
z�z��
k Q

tot
� Q

z�z���� ����
�

Equation ���	�� represents the new form of the connectivity equation for pipe sections z

and z�� used inM� models	 The last two terms of equation ���	��� ��z�z�����z�z��
k�� Q

tot�

Qz�z��� and ��z�z���������z�z��
k Qtot�Qz�z���� are contained in the the vectors v�k���

and v�k� respectively	 The coe�cients �z�z����
z�z��
k�� � ��z�z���� � ���

z�z��
k of the total


ow perturbation variable� dtottimestep� are contained in the vectors e�k � �� and a�k� re�

spectively	

�
�



A similar procedure is carried out to obtain the new form of the downstream 
ow

boundary equation	 The original downstream 
ow boundary equation is giv



For such an M



Proof

By inspection� the eigenvalues of an M� system consist of the n eigenvalues of the

baseM� system� and � eigenvalue equal to �	 Hence� the eigenvalues of theM� system

are real	

We have the Hautus condition for theM� system if and only if for all 	�R

�A��k�� 	E��k � ���v � � �������

C�v � � �������

�	

v � � �������

where v�Rn��	

Equation ���	��� �	 equations ���	���� ���	��� trivially	

Equations ���	���� ���	��� and ���	��� can be expressed in the following way	 We

have the Hautus condition for theM� system if and only if for all 	�R

�A� � 	E��vn � �a�k�� 	e�k � ���v� � � �������

��� 	�v� � � �����
�

C�vn � � �������

�	

vn � � � v� � � �������

where v � �vTn � v
T
� �

T � and vn�R
n � v��R

�	

We �rstly consider the case where 	
��	

Equation ���	�
� implies v� � �	

�







form ����� � �� g
sgr

g�xg��g���
downstream
k � ��� g

sgr
g�xg��g���

downstream
k�� which results from

the downstream 
o





The following two experiments do have measurement noise added�
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������ Discussion

When pressure data was taken from anM



scalar equations of the form ��	��	 If we add these g equations together we can derive

dtotk�� �
Xg

demand site��
wdemand site
k ddemand site

k �
Xg

demand site��
�wdemand site

k � ��Qdemand site

�������

where dtotk �
Pg

demand site��d
demand site
k for all k� as before	 We can now use equation ���	��

to substitute for each term� ddemand site
k � on the right hand side of equation ���	��� to give

dtotk�� �
Xg

demand site��
wdemand site
k ��demand site

k dtotk � �demand site
k Qtot �Qdemand site�

�
Xg

demand site��
�wdemand site

k � ��Qdemand site �������

and rearranging gives

dtotk�� � ckd
tot
k � �ck � ��Q

tot �����
�

where ck �
Pg

demand site��w
demand site
k �demand site

k 	 TheM� models now contain the single

state 
ow variable� dtotk � with a di�erence equation of the form ���	�
� where the term

�ck � ��Qtot is contained in a vector on the right hand side of the system as shown later	

To form an M� model� we start from a base M� model and initially proceed in a

similar way to the formation of an M� model	 All the basic di�erence equations of the

form ��	�
� remain unchanged in an M� model	 However� the g � � connectivity equa�

tions and the single downstream 
ow boundary equation are altered by the following	

The g 
ow demand perturbation variables are removed from the input vector� summed

into a single total 
ow demand perturbation variable� and then incorporated into the new

M� state vector	 The new trivial di�erence equation ���	�
� is then added to form the

M� system	

However� with M� models we now assume� as we have assumed with M� models�

that the pressure measurements at the sites of 
ow demand are now subject to a constant

bias described by equation ��	��

y�k� � p
�
�k� � b�k��

The g measurement biases are assumed to obey equation ��	��

b�k � �� � b�k��

���



The last step in the construction of an M





Proof

By inspection� at any particular timestep k� the eigenvalues of anM� system consist

of the n eigenvalues of the baseM� system� � eigenvalue equal to ck� and g eigenvalues

equal to �	 Hence� the eigenvalues of theM� system are real	

We have the Hautus condition for theM� system if and only if for all 	�R

�A��k�� 	E��k � ���v � � �������

C�v � � �������

�	

v � � �������

where v�Rn���g	

Equation ���	��� �	 equations ���	���� ���	��� trivially	

Equations ���	���� ���	��� and ���	��� can be expressed in the following way	 We

have the Hautus condition for theM� system if and only if for all 	�R

�A� � 	E��vn � �a�k�� 	e�k � ���v� � � �������

�ck � 	�v� � � �������

��� 	�vg � � �������

C�vn � vg � � �����
�

�	

vn � � � v� � � � vg � � �������

where v � �vTn � v
T
� � v

T
g �

T � and vn�R
n � v��R

� � v

�





If we assume the M� model is partitioned according to equation ��	��� then equa�

tion ���	��� may be written as

�
�� �A��� � ckE���� �A��� � ckE���� �

�A��� � ckE���� �A��� � ckE���� �h�k�

�
��
�
������
vn�g

�vg

v�

�
������ � � �������

where the vector �h�k��Rg now contains the g elements of �a�k� � cke�k � ��� that cor�

respond to coe�cients from the 
ow equations	 Also� vn � �v
T
n�g� �v

T
g �

T where vn�g�R
n�g

and �vg�R
g	

Equation ���	��� zeros the g elements of vn corresponding to the measured pressures

at the sites of 
ow demand	 Hence �vg � �	

Removing �vg from system ���	��� gives�
�� �A��� � ckE���� �

�A��� � ckE���� �h�k�

�
��
�
�� vn�g

v�

�
�� � �� �������

If ck is not an eigenvalue of the corresponding M� system� then �A��� � ckE���� is full

rank	 Hence equation ���	��� implies vn�g � �	

The vector �a�k��cke�k���� contains g�� elements of the form��z�z��������
c k



From the above theorem� we expect the Hautus condition to hold for theM� model

almost always	 However� in an equivalent way to M� models� it is interesting to note

that � may be chosen to exert some control over the discrete values of the coe�cients�

ck� for which the theorem does not guarantee the Hautus condition to hold for theM�

system	

������ Experiments

As the M� model was run� the pressures at the upstream end and the sites of 
ow

demand were recorded at each timestep	 For experiments ��	�� to ��	��� there was no

pressure measurement noise added	 However� for experiments ��	�� to ��	��� the pres�

sure measurements at the three 
ow demand sites� A�B� B�C and C� were corrupted by



estimates of DA�B
k � DB�C

k and DC
k and their true values are shown in Figs	 D� E and F

respectively	

The following three experiments do not have measurement noise added�

Data taken fromM� model with identical mesh

Experiment ��	��� �M� model� Observer Design B with � � �

Experiment ��	��� �M� model� Observer Design B with � � ���

Data taken fromM� model with much �ner mesh

Experiment ��	��� �M� model� Observer Design B with � � �

The following two experiments do have measurement noise added�

Data taken fromM� model with identical mesh

Experiment ��	��� �M� model� Observer Design B with � � �

Data taken fromM� model with much �ner mesh

Experiment ��	�
� �M� model� Observer Design B with � � �

The following four experiments do have measurement noise added� but the M� �ow

integration smoothing technique is then applied�

Data taken fromM� model with identical mesh

Experiment ��	��� �M� model� Observer Design B with � � �

Data taken fromM� model with much �ner mesh

Experiment ��	��� �M� model� Observer Design B with � � �

Experiment ��	��� �M� model� Observer Design B with � � � �New �ow ratio ��������

Experiment ��	��� �M� model� Observer Design B with � � � �New �ow ratio ��������
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������ Discussion

The performance of M� model based dynamic observers showed the same dependency

on � as dynamic observers based upon previous 
ow estimation models	 The dynamic

observer based on anM� model converged perfectly for � � � when theM� model used

to generate the pressure data was constructed on an identical mesh	 However� as � moved

close to ���� the observer completely failed to converge	 Similarly to dynamic observers

based upon previous 
ow estimation models� the assigned observer eigenvalues became

more sensitive as � moved from � to ���� and a theoretical study of whether the Hautus

condition is near to failing for � � ��� would be useful	 As withM� systems�M� sys�

tems have time�varying system matrices	 As with M� systems� the theoretical analysis

of �rstly� the observability of M� systems� and secondly� the convergence of dynamic

observers constructed upon M� systems� would be worthwhile future research	

When data was taken from an M� model with a much �ner discretisation� theM�

model based dynamic observer did not perform so well	 The same super�sensitivity that

existed withM� systems exists forM� systems	 As was suggested forM� systems� per�

haps some further investigation into modelling strategies and di�erent observer designs

may help to remedy this	 For example� perhaps an observer that switched between the

di�erent models�M� andM�� at certain times of day could be designed to estimate the

biases� where theM� model based observer would run over certain �favourable� timesteps

only	 Then these estimates of the biases may be kept while anM� model based observer

is run over periods where anM� model based observer would fail	

When pressure measurement noise was added� but no smoothing technique applied� it

could be seen that the estimates of the �rst two small demands contained less error than

with the previousM� model based dynamic observer designs	 When theM� 
ow integra�

tion smoothing technique was also applied� the estimates of the 
ow demands improved

further	 However� the last two experiments� ��	�� and ��	��� clearly demonstrate the

considerable bene�t of usingM� models to estimate very small 
ow demands	 Unfortu�

nately� the error due to measurement noise and modelling error is still unacceptably large	

Although we do not yet have a viable technique for estimating 
ow demands from

���



pressure telemetry in the presence of both measurement bias and noise� some proposals

for future research are presented in the next chapter	
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