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which, if it is found, allows to calculate the total 
ux
through the particle element
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where n is the normal vector to the domain boundaries
@
 1;2 on the surface,�R is the average amplitude of the
surface roughness, that is the width of the surface layer
conducting the liquid 
ux and the line integral is taken
along a closed curve in 
0, for example the boundary
@
 1.

If the total 
ux QT is determined, one can de�ne the
global permeability coe�cient of a single particle K1.
This can be done, if we assume that the particle has
a characteristic sizeD and so that it can be enclosed in
a volume elementV = D3 with the characteristic side
surface areaD2. Then, the e�ective 
ux density Q can
be represented in terms ofK1 (and the total 
ux QT )

Q =
QT

D2 = �
K1

�
 2 �  1

D
;

if the 
ow is driven by the constant pressure di�erence
 2 �  1 applied to the sides of the volume element.
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How does the result a�ect the super-fast di�usion
model (3), and basically how can it be incorporated into
the main di�usion equation? If we approximate the per-
meability coe�cient K by K1 obtained in the azimuthally
symmetric case at�1 = �0, and, using an approximate re-
lationship between the radius of curvatureR sin�0 of the
boundary contour @
 1 and the pendular ring volume [6],
one can show

sin2 �0 �
p
s � s0

and at �0 � 1 or (s � s0) � 1

K � 2
�R

R
�km

j ln(s � s0)j
: (11)

As one can see from (11), the distinctive particle shape
results in logarithmic correction to the main non-linear
superfast-di�usion coe�cient D(s) = D 0

(s� s0 )3= 2 , such that

D(s) /
1

j ln(s � s0)j(s � s0)3=2
:

Apparently, the correction will mitigate to some extent
the divergent nature of the dispersion at the very small
saturation levels s � s0, smoothing out the characteristic
dispersion curves.
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FIG. 3. Illustration of the triangular tessellation of the trun-
cated spherical surface domain 
 0 with a normal vector n 
 0

at � = 150 � and � 0 = � 1grmd
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FIG. 5. Distribution of non-dimensional pressure  = c ( c =

=R ) on a unit sphere R = 1 at  1 = 0 :8,  2 = 0 :2, � 1 = � 0 =
22:5� and � = 150 � .

approximation of the geometry. It is, however, well un-
derstood appearing as a ’variational crime’ [18]. We then
discretise the Laplace-Beltrami operator over the polygon
using piecewise linear �nite elements. To test our numer-
ical model we examine the azimuthally symmetric case,
where the exact solution is known and given in (9). We
then check convergence of the �nite element approxima-
tion to (9). The results are shown in Fig. 4.

We make use of the numerical model generated to ex-
amine the dependency of the total 
ux, and hence the
permeability of the truncated spherical element as a func-
tion of the tilt angle �, that is the position of the bound-
aries on the sphere. As in the azimuthally symmetric
case, without much loss of generality, we consider circu-
lar boundaries. The size of the boundary contour, that
is its radius R sin�0 (or R sin�1), will be characterized
by the polar angle �0 (or �1) counted from the axis of
symmetry of each contour and the particle radiusR.

C. Results of numerical analysis and discussion

The distribution of pressure on the spherical surface
is illustrated in Fig. 5, while the typical total 
ux de-
pendence on the tilt angle� is presented in Fig. 6 at
�0 = �1. The distribution of pressure demonstrates rel-
atively smooth variations in the range bounded by the
prescribed boundary values, such that, as is expected in
a di�usion problem,  2 �  �  1. The value of the total
liquid 
ux QT through the spherical element decreases
when the tilt angle increases and the boundary contours
move further away from each other. At the same time,
one readily observes, Fig. 6, that at relatively large tilt
angles, close to the re
ex angle in the azimuthal symmet-

rical case, the total 
ux value and hence permeability of
the surface elements, is close to that predicted on the ba-
sis of the azimuthally symmetric solution (10). This im-
plies that the analytical result (10) and (11) can be used
in practical applications to obtain �rst order corrections
to the e�ective non-linear coe�cient of dispersion in the
super-fast di�usion model. One may notice that even at
small tilt angles, when the two boundaries are located
close to each other, one can still approximate coe�cient
of permeability with the accuracy of 50 %. We have veri-
�ed numerically that in the general case the permeability
coe�cient of the particles demonstrates the same trends
with variations of parameters �0 and �1 as in the az-
imuthally symmetric case.
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FIG. 6. Non-dimensional total 
ux QT =Q0 as a function of
the tilt angle � at � 0 = � 1 . Here Q0 is the total 
ux value at
� = 180 � .

CONCLUSIONS

We have demonstrated how the permeability coe�cient
of constituent particle surface elements of a porous ma-
trix can be estimated on the basis of a solution to the
Laplace-Beltrami problem using, as an example, trun-
cated spherical particles with arbitrary oriented bound-
aries. In the azimuthally symmetric case, we obtained an
observable analytical solution, which has been incorpo-
rated into the macroscopic super-fast dispersion model
to calculate a correction to the e�ective non-linear co-
e�cient of di�usion. We have shown, that in the case
of arbitrary oriented boundaries, the analytical solutions
provide a reasonable approximation in the general case.
The analytical, (10) and (11), and numerical solutions
are the main results of our paper. The methodology de-
veloped in our study can be used in practical applica-
tions involving more sophisticated shapes of constituent
elements. This will be the subject of future studies.
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