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ON THE WELL-POSEDNESS OF GLOBAL FULLY NONLINEAR
FIRST ORDER ELLIPTIC SYSTEMS

HUSSIEN ABUGIRDA AND NIKOS KATZOURAKIS

Abstract. In the very recent paper [K1], the second author proved that for
any f 2 L 2 (Rn ; RN ), the fully nonlinear �rst order system F (�; Du) = f is
well posed in the so-called J.L. Lions space and moreover the unique strong
solution u : Rn �! RN to the problem satis�es a quantitative estimate. A
central ingredient in the proof was the introduction of an appropriate notion
of ellipticity for F inspired by Campanato's classical work in the 2nd order
case. Herein we extend the results of [K1] by introducing a new strictly weaker
ellipticity condition and by proving well posedness in the same \energy" space.

1. Introduction

In this paper we consider the problem of existence and uniqueness of global
strong solutions u : Rn �! RN to the fully nonlinear �rst order PDE system

(1.1) F (�; Du) = f; a.e. onRn ;

where n; N � 2 and F : Rn � RNn �! RN is a Carath�eodory map. The latter
means that F (�; X ) is a measurable map for allX 2 RNn and F (x; �) is a continuous
map for almost every x 2 Rn . The gradient Du : Rn �! RNn of our solution
u = ( u1; :::; uN )> is viewed as anN � n matrix-valued map Du = (D i u� ) � =1 :::N

i =1 :::n
and the right hand side f is assumed to be inL 2(Rn ; RN ).

The method we use in this paper to study (1.1) follows that of the recent paper
[K1] of the second author. Therein the author introduced and employed a new
perturbation method in order to solve (1.1) which is based on the solvability of the
respective linearised system and a structural ellipticity hypothesis on F assumes
the form

F (x; X ) =
NX

�;� =1

nX

i;j =1

A ��j X �j e� ;

for some linear mapA : RNn �! RN . We will follow almost the same conventions
as in [K1], for instance we will denote the standard bases ofRn , RN and RN � n by
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f ei g, f e� g and f e� 
 ei g respectively. In the linear case, (1.1) can be written as
NX

� =1

nX

i;j =1

A ��j Dj u� = f � ; � = 1 ; :::; N;

and compactly in vector notation as

(1.2) A : Du = f:

The appropriate well-known notion of ellipticity in the linear case is that the
nullspace of the linear mapA contains no rank-one lines. This requirement can be
quanti�ed as

(1.3) jA :
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in terms of the distance of the respective right hand sides of (1.1).The main ad-
vance in this paper which distinguishes it from the results obtained in[K1] is that
we introduce a new notion of ellipticity for (1.1) which is strictly weaker than (1.5),
allowing for more general nonlinearities F to be considered. Our new hypothesis
of ellipticity is inspired by an other recent work of the second author [K2] on the
second order case. We will refer to our condition as the \AK-Condition" (De�nition
4). In Examples 5, 6 we demonstrate that the new condition is genuinely weaker
and hence our results indeed generalise those of [K1
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systems. We leave the study of the present problem in the context of \D-solutions"
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In (2.4), (hm )1
1 is any sequence of even functions in the Schwartz classS(Rn )

satisfying

0 � hm (x) �
1

jxj
and hm (x) �!

1
jxj

, for a.e. x 2 Rn , as m ! 1 .

The limit in (2.4) is meant in the weakL 2�
sense as well as a.e. onRn , and u is

independent of the choice of sequence(hm )1
1 .

In the above statement, \sgn", \cof" and \det" symbolise the sign function on
Rn , the cofactor and the determinant on RN � N respectively. Although the formula
(2.4) involves complex quantities, u above is areal vectorial solution. Moreover,
the symbol \ b " stands for Fourier transform (with the conventions of [F]) and \ _ "
stands for its inverse.

Next, we recall the strict ellipticity condition of the second author taken from
[K1] in an alternative form which is more convenient for our analysis. We will relax
it in the next section.

De�nition 2 (K-Condition of ellipticity, cf. [K1]) . Let F : Rn � RNn �! RN be
a Carath�eodory map. We say that F is elliptic when there exists a linear map

A : RNn �! RN

satisfying (2.1) and 0 < � < 1 such that for all X; Y
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satisfying (1.3), a positive function � with �; 1=� 2 L 1 (Rn ) and �;  > 0 with
� +  < 1 such that

(3.1)
�
�
� � (x)

h
F (x; X + Y) � F (x; Y )

i
� A : X

�
�
� � � � (A )jX j +  jA : X j:

for all X; Y 2 RNn and a.e.x 2 Rn . Here � (A ) is the ellipticity constant of A given
by (1.6).

Nontrivial fully nonlinear examples of maps F which are elliptic in the sense of
the De�nition 4 above are easy to �nd. Consider any �xed map A : RNn �! RN

for which � (A ) > 0 and any Carath�eodory map

L : Rn � RNn �! RN

which is Lipschitz with respect to the second variable and

 L (x; �)




C 0; 1 (RNn ) � � � (A ); for a.e. x 2 Rn

for some 0< � < 1. Let also � be a positive essentially bounded function with 1=�
essentially bounded as well. Then, the mapF : Rn � RNn �! RN given by

F (x; X ) :=
1

� (x)
A : X + L(x; X )

satis�es De�nition 4, since
�
�
� � (x)

h
F (x; X + Y) � F (x; Y )

i
� A : X

�
�
� �

�
�L (x; X + Y) � L (x; Y )

�
�

� � � (A )jX j

� � � (A )jX j +
1 � �

2
jA : X j:

As a consequence,F satis�es the AK-Condition for the same function � (�) and for
the constants � and  = (1 � � )=2.
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we havejX 0j = 2 and jA : X 0j = 2 . Hence, for any Y 2 RNn we have
�
�
�
h
F (�; X 0 + Y) � F (�; Y )

i
� A : X 0

�
�
� =

�
�
�
�

�
1
�

A : (X 0 + Y) �
1
�

A : Y
�

� A : X 0

�
�
�
�

=

�
�
�
�
1
�

A : X 0 � A : X 0

�
�
�
�

=
�
�A : X 0

�
�
�
�
�
�
1
�

� 1

�
�
�
�

= 2
�

1
�

� 1
�

� 2

= � (A) jX 0j;

where we have used that(1=� ) � 1 � 1. Our claim ensues.

The essential point in the above example that makes De�nition 4 more general
than De�nition 2 was the introduction of the rescaling function � (�). Now we give
a more elaborate example which shows thateven if we ignore the rescaling function
� and normalise it to � (�) � 1, De�nition 4 is still more general that De�nition 2.

Example 6. Fix c; b > 0 such that c + b < 1 and
p

2c + b > 1 and a unit vector
� 2 RN . Consider the Lipschitz function F 2 C0

�
R2� 2

�
, given by:

(3.2) F (x; X ) := A : X + � �
�

b
�
�X

�
� + c

�
�A : X

�
�� ;

where A is again the Cauchy-Riemann tensor(1.4). Then, this F satis�es

(3.3)
�
�
�
h
F (�; X + Y) � F (�; X )

i
� A : Y

�
�
� � � � (A )jY j + 

�
�A : Y

�
�;

for some �;  > 0 with � +  < 1, but does not satisfy (3.3) with  = 0 for any
0 < � < 1. Hence, F satis�es De�nition 4 (even if we �x � (�) � 1) but it does not
satisfy De�nition 2. Indeed we have:
�
�
�A : Y �

h
F (�; X + Y) � F (�; X )

i �
�
�

=
�
�
�A : Y � A : Y � b�

�
jX + Y j � j X j

�
� c�

� �
�A : (X + Y)

�
� � j A : X j

� �
�
�

� bj� j
�
�
� jX + Y j � j X j

�
�
� + cj� j

�
�
� jA : X + A : Y j � j A : X j

�
�
�

� bjY j + cjA : Y j

and hence(3.3) holds for � = b and  = c. On the other hand, we choose

X 0 := 0 ; Y0 :=
�

1 �
� 1

�
; � :=

1 � b
p

2c2 � (1 � b)2
:

This choice of � is admissible because our assumption
p

2c + b > 1 implies 2c2 �
(1 � b)2 > 0. For these choices ofX and Y , we calculate:
�
�
�A : Y0 �

h
F (�; X 0 + Y0) � F (�; X 0)

i �
�
� =

�
�
��
� =

�
�852(�

�
�i �(�)]TJ 0 -5.978 Td [(�)]TJ 0 -5.978 Td [(�)]TJ/F8 9.9626 Tf 7.749 0.498 Td [(=)]TJ/F1 9.9626 Tf 12.176 11.458 Td [(�)]TJ 0 -5.978 Td [(�)]TJ 04d [(;)-167(X)]TJ/F7 6.9738 Tf 12.682 -1.494 Td [(0)]4

� : Y
�A :]TJ/F11 9.9626 Tf6 Tf 11.391 0 T0 Td [(Y)]TJ/F14 9.9629494 Td [(0)]TJ/b/F14 9.9626 Tf 11.872 626 Tf 17.711 0 Td50jY j +Y jA : X0001 i �� + cjA :� jY j +Y jf 7.997 0 Td [(j)-222(�)-222(j)]TJ/F11 0001 : j j +Y
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We now show that
bjY0j + cjA : Y0j = jY0j

and this will allow us to conclude that(3.3) can not hold for any � < 1 if we impose
 = 0 . Indeed, since jY0j2 = 2 + 2 � 2 and jA : Y0j2 = 4 � 2, we have

�
1 � b

� 2
jY0j2 � c2jA : Y0j2 =

�
1 � b

� 2
2
�
1 + � 2�

� c2 4� 2

= 2
�
1 � b

� 2
+ 2

� �
1 � b

� 2
� 2c2

�
� 2

= 2
�
1 � b

� 2
+ 2

� �
1 � b

� 2
� 2c2

� (1 � b)2

2c2 � (1 � b)2

= 0 :

We now show that our ellipticity assumption can be seen an a notion of pseudo-
monotonicity coupled by a global Lipschitz continuity property. The statement and
the proof are modelled after a similar result appearing in [K2] which however was
in the second order case.

Lemma 7 (AK-Condition of ellipticity vs Pseudo-Monotonicity) . De�nition 4 is
equivalent to the following statements:

There exist � > � > 0, a linear map A : RNn �! RN satisfying (1.3) a positive
function � such that �; 1=� 2 L 1 (Rn ) with respect to whichF satis�es

(3.4) (A : Y )>
h
F (x; X + Y) � F (x; X )

i
�

�
� (x)

jA : Y j2 �
�

� (x)
� (A )2jY j2;

for all X; Y 2 RNn and a.e. x 2 Rn . In addition, F (x; �) is Lipschitz continuous
on RNn , essentially uniformly in x 2 Rn ; namely, there existsM > 0 such that

(3.5)
�
�F (x; X ) � F (x; Y )

�
� � M jX � Y j

for a.e. x 2 Rn and all X; Y 2 RNn .

Proof of Lemma 7. Suppose that De�nition 4 holds for some constant�;  > 0
with � +  < 1, some positive function� with �; 1=� 2 L 1 (Rn ) and some linear
map A : RNn �! RN satisfying (1.3). Fix " > 0. Then, for a.e. x 2 RN and all
X; Y 2 RNn we have:

jA : Y j2 + � (x)2
�
�
�F (x; X + Y) � F (x; X )

�
�
�
2

� 2� (x) (A : Y )>
h
F (x; X + Y) � F (x; X )

i

� � 2� (A )2jY j2 +  2jA : Y j2 + 2 �� (A )jY j  jA : Y j

which implies

jA : Y j2 � 2� (x) (A : Y )>
h
F (x; X + Y) � F (x; X )

i

� � 2� (A )2jY j2 +  2jA : Y j2 +
� 2� (A )2jY j2

"
+ " 2jA : Y j2:

Hence,

(A : Y )>
h
F (x; X + Y) � F (x; X )

i

�
1

� (x)

�
1 �  2 � " 2

2

�
jA : Y j2 �

1
� (x)

�
"� 2 + � 2

2"

�
� (A )2jY j2:
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By choosing" := �= , from the above inequality we obtain (3.4) for the values

� :=
1 �  ( + � )

2
; � :=

� ( + � )
2

:

These are admissible because� > 0 and � > � since

� � � =
1 � (� +  )2

2
> 0:

In addition, again by (3.1) we have:

� (x)
�
�
�F (x; X ) � F (x; Y )

�
�
� � �� (A )jX � Y j + 

�
�A : (X � Y )

�
� +

�
�A : (X � Y )

�
�;

and hence,
�
�
�F (x; X ) � F (x; Y )

�
�
� �

1
� (x)

�
(1 +  )

�
�A : (X � Y )

�
� + �� (A )

�
�X � Y

�
�
�

�

( 




1
� (�)






L 1 (Rn )

�
(1 +  )jA j + �� (A )

�
)

jX � Y j

for a.e. x 2 RN and all X; Y 2 RNn , which immediately leads to (3.5). Conversely,
suppose that (3.4) and (3.5) hold and �x a constant � > 2. Then, by (3.5) we have
the inequality

M 2� (x)2

� 2� 2� (A )2 � (A )2jY j2 �
� (x)2

�
�
�F (x; X + Y) � F (x; X )

�
�
�
2

(�� )2 :(3.6)

Further, by (3.4) we have

jA : Y j2 �
�

2� (x)
��

�
(A : Y )>

h
F (x; X + Y) � F (x; X )

i

�
�

1 �
2
�

�
jA : Y j2 +

2�
��

� (A )2jY j2:
(3.7)

By adding the inequalities (3.6) and (3.7), we obtain
�
�
�
�
�
A : Y �

� (x)
��

h
F (x; X + Y) � F (x; X )

i
�
�
�
�
�

2

�
�

1 �
2
�

�
jA : Y j2 +

"
2�
��

+
1
� 2

�
M� (x)
�� (A )

� 2
#

� (A )2jY j2

Hence,
�
�
�
�
�
A : Y �

� (x)
��

h
F (x; X + Y) � F (x; X )

i
�
�
�
�
�

�

r

1 �
2
�

jA : Y j + � (A )

r
2
�

s
�
�

+
1

2�

�
M k� kL 1
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