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Abstract. We consider a generic basic semi-algebraic subset S of the space of
generalized functions, that is a set given by (not necessarily countably many)
polynomial constraints. We derive necessary and su cient conditions for an in-

result completely characterizes the support of the realizing measure in terms of
its moments. As concrete examples of semi-algebraic sets of generalized func-
tions, we consider the set of all Radon measures and the set of all the measures
having bounded Radon-Nikodym density w.r.t. the Lebesgue measure.

Introduction

It is often more convenient to consider characteristics of a random distribution
instead of the random distribution itself and try to extract information about the
distribution from these characteristics. In this paper, we are more concretely in-
terested in distributions on functional objects like random elds, random points,
random sets and random measures. The characteristics under study are polynomials
of these objects like the density, the pair distance distribution, the covering func-
tion, the contact distribution function, etc.. This setting is considered in numerous
areas of applications: heterogeneous materials and mesoscopic structures [44], sto-
chastic geometry [29], liquid theory [14], spatial statistics [43], spatial ecology [30]
and neural spike trains [7, 16], just to name a few.

The subject of this paper is the full power moment problem on a pre-given subset
S of DYRY), the space of all generalized functions oRY. This framework choice is
mathematically convenient and general enough to encompass all the aforementioned
applications. More precisely, our paper addresses the question of whether certain
prescribed generalized functions are in fact the moment functions of some nite
measure concentrated orSS. If such a measure does exist, it will be calledealizing.
The main novelty of this paper is to investigate how one can read o support
properties of the realizing measure directly from positivity properties of its moment
functions.

To be more concrete, homogeneous polynomials are de ned as powers of lin-
ear functionals on DYRY) and their linear continuous extensions. We denote
by P c: (DYRY)) the set of all polynomials on DYRY) with coe cients in G (RY),
which is the set of all in nite di erentiable functions with compact support in  RY.
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In this paper, we try to nd a characterization via moments of measures con-
centrated on basic semi-algebraic subsets of DYRY), i.e. sets that are given by
polynomial constraints and so are of the following form

\
S= 2DYRY Pi() O ;
i2Y

where Y is an arbitrary index set (not necessarily countable) and eachP; is a
polynomial in P ¢ (DYRY)). Equality constraints can be handled using P; and

P; simultaneously. As far as we are aware, the in nite dimensional moment
problem has only been treated in general on a ne subsets [4, 2] and cones [42] of
nuclear spaces (these results are stated in Section 2 and Subsection 5.3). Special
situations have also been handled; see e.g. [46, 3, 17].

Previous results.
Characterization results via moments are built up out of ve completely di erent
types of conditions

I. positivity conditions on the moment sequence
Il. conditions on the asymptotic behaviour of the moments as a sequence of their
degree
[1l. properties of the putative support of the realizing measure
IV. regularity properties of the moments as generalized functions
V. growth properties of the moments as generalized functions.

Conditions of type IV and V are only relevant for the in nite dimensional moment
problem. The general aim in moment theory is to construct a solution which
is as weak as possible w.rt. some combination of the above dierent types of
conditions, since it seems unfeasible to get one solution which is optimal in all
types simultaneously.

Let us give a review of some previous results on which our approach is based
and describe the di erent types of conditions involved in each of them.

Given a sequencan of putative moments, one can introduce on the set of all poly-
nomials the so-called Riesz functional ,, which associates to each polynomial its
putative expectation. If a polynomial P is non-negative on the prescribed sup-
port S, then a necessary condition for the realizability ofm on S is that L, (P) is
non-negative as well. The question whether this condition alone is also su cient
for the existence of a realizing measure concentrated o8 RY is answered by the
Riesz-Haviland theorem [36, 15]; for in nite dimensional versions of this theorem
see e.g [24, 25, 28] for point processes and [19, 20] for the truncated case. The
disadvantage of this type of positivity condition is that it may be rather di cult
and also computationally expensive to identify all non-negative polynomials onS,
especially if the latter is geometrically non-trivial.

A classical result shows that all non-negative polynomials orR can be written
as the sum of squares of polynomials (see [32]). Hence, it is already su cient for
realizability on S = R to require that L, is non-negative on squares of polynomials,
that is, m is positive semide nite. For the moment problem on S = RY with
d 2, the positive semide niteness ofm is no longer su cient, as already pointed
out by D. Hilbert in the description of his 17th problem. However, the positive
semide niteness ofm becomes su cient if one additionally assumes a condition of
type 11, that is, a bound on a certain norm of the n  th putative moment m("). For
example, one could require thatjm(™j does not grow faster thanBC"n! or than
BC" (n In(n))" for some constantsB; C > 0. The weakest known growth condition
of this kind is that the sequencem is quasi-analytic (see Appendix 6). We will call
such a sequencealetermining, because this property guarantees the uniqueness of
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the realizing measure. The determinacy condition in the in nite dimensional case
additionally involves the types IV and V.

Beyond the results for S = RY, for a long time the moment problem was only
studied for speci ¢ proper subsetsS of RY rather than general classes of sets. How-
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We assume that eactHy is embedded topologically intoHq. Let be the projective
limit of the family ( Hy)k2x endowed with the associated projective limit topology
and let us assume that is nuclear, i.e. for eachk; 2 K there existsk, 2 K such
that the embedding Hx, Hy, is quasi-nuclear.

Let us denote by ©the topological dual space of . We control the classical
rigging by identifying Ho and its dual H§. With this identi cation one can de ne
the duality pairing between elements inHy and in its dual H? = H  using the
inner product in Hy. For this reason, in the following we will denote by H; i the
duality pairing between 2 %andf 2 (see [1, 2] for more details).

Consider then th (n 2 Np) tensor power " of the space which is de ned
as the projective limit of H, "; for n =0, H, " = R. Then its dual space is
(1) R N AT

k2 K k2 K k2K

which we can equip with the weak topology.

A generalized process is a nite measure de ned on the Borel  algebraon °
Moreover, we say that a generalized process is concentrated ona measurable sub-
setS  %if ( nS)=0.



6 M. INFUSINO, T. KUNA, A. ROTA

Proposition 1.3.
If is a generalized process on ° with generalized moment functions (in the sense
of O%of any order, then for any n 2 N and for any f (") % " we have

H(n), ni (d )< 1 and H(N),m(n)| = h‘(n), ni (d ):
0 0

For a generalized processes the moment functions m™ are given by an explicit
formula. The moment problem, which in an in nite dimensional context is often
called the realizability problem, addresses exactly the inverse question.

Problem 1.4 (Realizability problem on S 9.
Let N 2 No [f +1g and letm = (m({)N_, be such that each
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onedenesr =r*
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Corollary 4.2.
The semi-algebraic setS de ned as in (8) is measurable w.r.t. the Borel  algebra
( Mnd) generated by the weak topology oB?2, (RY).

Proof.

The previous proposition implies that S 2 ( ). As (D2, (RY); &) is a Lusin
space and so Suslin, ( indy and ( ") coincide (see [40, Corollary 2, p.101]).
Hence,S 2 (M),

In the following, we are going to investigate the full realizability problem (see
Problem 1.4) on S of the form (8). Let us introduce the version of the Riesz linear
functional for the moment problem on D2 (RY).

proj
De nition 4.3.
Givenm 2F DJ, (RY) , we de ne its associated Riesz functionalLr, as
Lm: Pa Dy (RY I R
M X
P()=  m™: " 71 LaP):= mpM;mMi:
n=0

n=0
Note that in the case when the sequencen is realized by a non-negative measure
2M (S)onasubsetS Dgy (RY), then a direct calculation shows that for
any polynomial P 2 P ¢z (D3 (RY))

) Lm(P)= P() (d):
s
The Riesz functional allows us to state our main result in a concise form.

Theorem 4.4,
letm2F Dgroj (RY) be determining andS be a basic semi-algebraic set of the
form (8). Then m is realized by a unique non-negative measure 2 M (S) if and

only if the following inequalities hold
(10) Lm(h?) 0 Lm(Pih?) 0;8h2Pc DJy (RY) ;8i2Y:

Equivalently, if and only if the functional L, is non-negative on the quadratic
module Q(P s).

Despite of the apparently abstract character of the determinacy condition given
in De nition 2.2, the latter becomes actually concrete whenever one can explicitly
construct the setE. This is possible for the nuclear spacé®d
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For such a setE, usgng (4), we get that 1
n

z2rd x2[ 1;1]d k@n)
zk n

q N 1
Mn cg’g‘n)%)sup sup KV (z+ )X km@Mk?
k

Remark 4.6.
The more regularity is known on the sequencen the weaker is the restriction on
the growth of them®@") required in Theorem 4.4. Let us discuss two extremal cases.

If eachm(™ isin H [ wherek = (kq;Kka(r)) 2& with both k; and k, inde-

pendent ofn, then bothc,») and sup  sup kgn)(z + X) in Lemma 4.5
q ! 22 x2[ 1;1)d
z n

are constant d
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Proposition 4.10.
If m is realized by a measure 2 M (Dgroj (R%) and m is determining, then the
sequence> m is also determining.

Proof.
Let us rst recall that Dpoj (RY) = projlim Hy; wherel is as in De nition 3.1 and
k21

Hy := WXL(RY; ky(r)dr) for any k = (ki;ka(r)) 2 | (see Section 3.1).
Since m is determining in the sense of De nition 2.2, there exists a subset&

total in Dy (RY) such that for any n 2 Ng, m, < 1 and the classCfm,g is
quasi-analytic, where

mp := sup H, fon;m@ni :

It is easy to see that, sincem is realized by a measure 2 M (D, (RY), the
sequence Iy )n2 N, IS also log-convex.
We will show that there exists a nite positive constant ¢cp such that

(12) My by fani(pm)@i P oomy:

1]
n
c

©

The latter bound is su cient to prove that the sequence pm is determining. In
fact, the log-convexity of (m,)n2n, @nd the quasi-analiticity of Cf m,g imply that
the classCf" ¢p My, g is also quasi-analytic (see Lemma 6.8 and Proposition 6.5).
Hence, (12) gives thatCf m, g is also quasi-analytic.

It remains to show the bound in (12).
Let us x n 2 N. Using De nition 4.7 and the assumption that m is realized by

X Z
A L ho; it fan: @i (d)
jZO Dgroj (Rd)

Z

2
Cp 1 1 fon; 2" 7 (d)
Dgroj (Rd)

)
H

= o H,? f o2, ménj
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Since integrals of non-negative functions w.r.t. a non-negative measure are non-
negative, the inequalities in (10) hold.

Su ciency

As already observed in Remark 4.8, the assumptions in (10) mean that the se-

guencem and pm are positive semide nite. Sincem is assumed to be deter-

mining, Theorem 2.3 guarantees the existence of a unique non-negative measure
2M (D,g’roj (R%) realizing m. On the one hand, according to Lemma 4.9 the

sequences, m is realized by the si%ned measur®; , i.e. for any f (" 2 Ct (R")

(13) (M (p, m)™Mi = R "ip() (d):

Dgroj (Rd)
On the other hand, by Proposition 4.10, the sequence, m is also determining.
Hence, applying again Theorem 2.3, the sequengem is realized by a unique non-
negative measure 2M (DS, (RY)), namely for any f (™ 2 C} (R™)

z
(14) i (™ (p,m)Mi = ™. "io(d):

DSy (RY)
Let A; : 2D0o (R):Pi() 0 andletusdene [(B):= (B\ Aj)and
(B\ (D%, (RY) nA))), for all B 2 B(DY,: (RY)). Mgreover, let us

i (B) : proj proj
consider the nonpegative measures;” and ; givenby [ (B):= S Pi() {(d)
and ; (B) := g Pi() ;(d) foral B 2 B(Dgroj (RY). Hence, we have that
= 7+ ,andP; = [ . . According to this notation, (13) and (14) can

be rewritten as
19)z z z

R Mord)= R i (d )+ HM; ")
D (RY) D2y (R D (RY)

0 0
proj proj

Sincem is determining and since * , the sequencen* consisting of all moment
functions of * is also determining. By Proposition 4.10, the sequence, m* is
determining, too.

As the two non-negative measures ; and , + both realize the determining
sequence, m*, they coincide because Theorem 2.3 also guarantees the uniqueness

of the realizing measure. This implies that the signed measurd®; is actually a
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implies that there existsa nite open subcover ofK -, i.e. there exists a nite subset

J Y such that K. >3 D24 (RY) nA; : Therefore, we have that
!
0 0 [ 0 d X 0 d 0 d
0 (K+) Ding (R%) nA, Ding (RY) nAj \ Dproj (R) =0;
i2J i23

where in the last equality we used (16). Moreover, by (17), we have that
°DPy (RYNS K+ "=

Since this holds for any" > 0, we get ° D2, (R")nS = 0 and hence, 0 =

° D% (RHNS = (D& (RHNS)\ DYy (RY) = DYy (RHNS :

Theorem 4.4 does still hold for any basic semi-algebraic se&& which is subset of
D2, (RY) (instead of ngj (RY)) and gives a realizing measure actually concentrated
on S\ D (RY). If S\ D, (RY) = ;, then there is no contradiction because
Theorem 4.4 shows that the only realizing measure is identically equal to zero,
and so we knowa posteriori that all the moment functions were zeros. However,
the caseS\ ngj (RY) 6 ; is very common, sincengj (RY) contains all tempered
distributions, Radon measures and all locally integrable functions. Hence, if at least
a single one of such generalized functions is contained i& then S\ ngj (RY) 6 ;
and Theorem 4.4 can be applied to get a non-zero realizing measure supported on
S, indeed onS\ DJ; (RY). Note that in Theorem 4.4 it is not su cient to just
assume thatm 2 F DJ; (RY) . However, the assumptionm 2 F D3 (RY) is
not a restrictive requirement in any application.

5. Applications

In this section we give some concrete applications of Theorem 4.4.
In Subsection 5.1, we present Theorem 4.4 in the nite dimensional case. This the-
orem generalizes the results already know in literature about the classical moment
problem on a basic semi-algebraic set dR¢.
In Subsection 5.2, we study the case when we assume more regularity of type IV
on the putative moment functions, that is, we require that they are non-negative
symmetric Radon measures. The advantage of this additional assumption is that
it allows us to simplify the condition of determinacy and hence, to give an adapted
version of Theorem 4.4. In Subsection 5.3, we derive conditions on the putative
moment functions to be realized by a random measure, that is, we assunt to be
the set of all Radon measures orRY. In this case, the fact that all the moment
functions are themselves Radon measures is a necessary condition and so the results
of Subsection 5.2 can be exploited. In Subsection 5.4, we consider the case when
S is the set of Radon measures with Radon-Nikodym densities w.r.t. the Lebesgue
measure ful lling an a priori L' bound.

From now on let us denote by R(RY) the space of all Radon measures oRY,
namely the space of all non-negative Borel measures that are nite on compact sets
in RY.

5.1. Finite dimensional case.

The d dimensional moment problem on a closed basic semi-algebraic sétof RY is
a special case of Problem 1.4 for =Hg = RY. Hence, Theorem 4.4 can be applied
also in the nite dimensional case, where the conditionm := (m({),,y, 2F R¢
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the canonical basis ofR? then we have that for eachn 2 No,

m
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As suggested by the name, the condition (18) is an in nite-dimensional weighted
version of the classical Carleman condition, which ensures the uniqueness of the
solution to the d dimensional moment problem (ford = 1 see [8], ford 2 see
e.g. [41, 31, 5, 11]) .

Corollary 5.3.
Let m 2 F R(RY) fulll the weighted Carleman type condition in De nition 5.2
and letS D2 (RY) be a basic semi-algebraic of the forng8). Then m is realized

proj
by a unique non-negative measure 2 M (S) with
z 1
(19) hW; i" (d)<1; 8n2No;
s kj

if and only if the following inequalities hold
(20) Lm(h®) 0 Lm(Pih®) 0, 8h2Pc Dpy (RY) ;8i2Y;

and for any n 2 Ny we have

Z
(2n) .....
(21) Migdrai=idin) g
R2nd 1=1 ky " (rn)
Remark 5.4.

If m is realized by a non-negative measure 2 M (DS,OJ- RY)) and m satis es (18)
then (21) holds also for the odd orders.

Corollary 5.3 is essentially a consequence of the following proposition.

Proposition 5.5.
If m satises
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Hence, by choosinge as in Lemma 4.5, we have that
r

L L f2n; M@0
fousf 20 2E

i :

u . 2n Z -----

Hcon supkfk, m%‘)(drl, )

f2E g(n) s I2:r11 ngn)(rl)

(E;C q (2);% 7 m(zn)(drl ..... dran)
23 dyn . SUPp su REM (7 + x ) (dry;:iidran)
“ e 22RE)XZ[ 1[;)1]d e : \leznl k%n)(rl)

krk n R2nd

Then the condition (21) guarantees that the my's are nite and (18) implies that
the classCf m, g is quasi-analytic.

Proof. (Corollary 5.3).
Since the necessity part follows straightforwardly, let us focus on the su ciency.
Sincem is determining by Proposition 5.5 and (20) holds by assumption, we can
apply Theorem 4.4 to get that m is realized by 2 M (S).
It remains to show (19). For any positive real numberR let us de ne a function

r such that
1 ifjrj R
0 ifjrj R+1:
Sincem is realized by 2 M (S), for any n 2 Ng and for any positive real number
R we have thzat

(24) R2CH(RY and g(r):=

z

R . :n —
gt ()=

R(N) () fp -e- ..
Rt g K5 (1)
Hence, the monotone convergence theorem fd ! 1 and Remark 5.4 give (19).

Remark 5.6.

The proof of Proposition 5.5 is a particular instance of what we were pointing out in
Remark 4.6. In fact, the regularity assumed on the sequenam, that is m consisting
of Radon measures, allowed us to get the boun@3) from (18) and (21) for some

index RM = (R{™;RS) with k" = 9L and so independent of.

Note that to obtain this result it was important to use our de nition of degermining
sequence (see De nition 2.2). In fact, if we used the one given if2] inv@g@qkme

norms km@Mk, 2  (see Remark 2.4), we would have ga{" > N
)

k@n




18 M. INFUSINO, T. KUNA, A. ROTA

If S ngJ (RY) is a basic semi-algebraic of the form(8), then m is realized by a

unique non-negative mezasure 2M (S) with

h— i" (d)<1; 8n2Ng;
s ko’

if and only if the following inequalities hold
Lm(h®) 0 Lm(Pih®) 0, 8h2Pc Dpy (RY) ;8i2Y;

and for any n 2 Ng we have

m(2n)(drl ..... ern)
R2nd |2n1 kz(r|)
5.3. Realizability on the space of Radon measures R(RY).
Example 5.8.
The set R(RY) of all Radon measures onRY is a basic semi-algebraic subset of
pro; (Rd) i.e.
\
(25) R(RY) = 2D5; (RY: () 0
' ZC;;I (Rd)

where - ():=H; .

Proof.

The representation (25) follows from the fact that there exists a one-to-one cor-
respondence between the Radon measures &f and the continuous non-negative
linear functionals on the spaceD g (RY). In fact, forany 2 R (RY) the functional

GRYH ! R .
Tt by 0= " (r) (dr)
Rd
is non-negative and it is an element opom] (RY). Conversely, by a theorem due

to L. Schwartz (c.f. [39, Theorem V] ), every non-negative linear functional on
G (RY) can be represented as integral w.r.t. a Radon measure oRY.

Using the representation (25), we obtain a realizability theorem forS = R(RY),
namely Corollary 5.3 becomes

Theorem 5.9.
Let m 2 F R(RY) fulll the weighted Carleman type condition (18). Then m is
realized by a unique nozn—negative measure 2M (R(RY)) with

hi; i" (d)<1; 8n2Ng;
(n)
s ks
if and only if the following inequalities hold
(26) Lm(h®) 0;8n2Pc Diy (R“) :
(27) Lm( - h®) 0;812Pc DSy (RY) ;8 2CI* (RY;
(2n) .....
(28) " Qz(r:jrl,(Zn) ) < g ; 8n2 No:
R2nd =1 k2 (rl)

Note that if is concentrated onR (RY) then m™ 2 R (R") for all n 2 No.
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The previous theorem still holds even whenm does not consist of Radon mea-
sures. In this case, instead of (18) and (28), one has to assume that is determining
in the sense of De nition 2.2

The assumption (18) can be actually weakened by taking into account a result
due to S.N. Sifrin about the in nite dimensional moment problem on dual cones in
nuclear spaces (see [42]). Indeed, applyir§ifrin's results to the coneG: 't (RY), itis
possible to obtain a particular instance of our Theorem 4.4 for the cas& = R(RY)
(the latter is in fact the dual cone of G (RY)) but with the di erence that in

the determinacy conditior|13 the quasi-analyticity of the my's is replaced by the so-
1

called Stieltjes condition ,11:1 mn 2" = 1 . As a consequence, the condition (18)

in Theorem 5.9 can be replaced by the following weaker one
x 1

-
<

f =1;

K R
(n) m@n)(dry;:idran)
sup  sup Ry (Z+ X)) ong 2 BT (1)
z2rd x2[ 1;1)d =1 "2 !
kzk n

>
1l
[y
[ el e

which we call weighted generalized Stieltjes condition

Remark 5.10.
The condition (26) can be rewritten as

(@ h@); m+)i o, 8h) 2¢ct (RY);

and (27) as
ph(@ ) wm (+i+D 5 o, ghl) 2cl (RY); 8 2ctt (RY):

i
Recalling De nition 4.7, we can restate these conditions as follows: the sequence
(m™M),2n, and its shifted version(( . m)(M), .y, are positive semide nite in the
sense of De nition 2.1.
In particular, if for each n 2 No, m("™ has a Radon-Nikodym density, that is there
exists (M 2 LYR"; ) s.t. mM(dry;:::;drn) = M(rq;::ii;rp)dry dry, then
(26) and (27) can be rewritten as

R

Rd(i+j) hz)lh:]'

isj
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where N is a positive integer and - is a smooth characteristic function of the

support of a function ' 2 C.(RY) (see (24)).

As a consequence of the equivalence of the two topologies, the associated Borel
algebras also coincide and they are equal to( 2 )\R (R9Y).

5.4.
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Remark 5.13.

Proceeding as in Remark 5.10, we can work out the analogy between the realizability

problem onS. and the moment problem on[0; ¢]. Indeed, if eachm(™ has density
(M w.r.t. the Lebesgue measure, theii33)
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Theorem 6.4 (The Denjoy-Carleman Theorem).
Let (Mn)n2n, be a sequence of positive real numbers. Then the following conditions
are equivalent
(1) CfM,g is quasi-analytic,
P

@ ' L =1 with :=infy o Mo

n

n=1
3 1 -1,
©)) . %Mnc
@  Yia=1,
n=1 n

where(M £)n2n, is the convex regularization offMp)n2n, by means of the logarithm.

Let us now state a simple result which has been repeatedly used throughout this
paper.

Proposition 6.5.
Let (Mn)n2n, be a sequence of positive real numbers. TherCfM,g is quasi-
analytic if and only if for any positive constant the classCf M g is quasi-analytic.

In conclusion, let us introduce some interesting properties of log-convex se-
guences.

Remark 6.6.
For a sequence of positive real numberéM )2, the following properties are equiv-
alent

(a): (Mn)ﬁzolis log-convex.

(b): e is monotone increasing.

(©): (In(Mp)),=, is convex.
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P

where the last inequality is due to Proposition 6.7. Hence, if Jﬁb: diverges then
n=1 "

P

n=1

P
FP}T diverges as well. On the other hand, if the series ﬂpfw— diverges for
in n=1 in

: P . . .
somej 2 N, then also ﬁ%ﬂ: diverges since the latter contains more summands.
n=1 "

6.2. Complements about the space G (RY).
Let us recall the de nition of the inductive topology on G (RY) (see [35, Sec-
tion V.4, vol. 1]) for a more detailed account on this topic).

De nition 6.9.

Let ( n)n2|\sbe an increasing family of relatively compact open subsets &¢ such

that R = n. Let us consider the spaceCt ( ) of all in nitely di erentiable
n2N

functions on RY with compact support contained in” , and let us endowG (" )
with the Frechet topology generated t))?/ the directed family of seminorms given by

(36) k'k ,:= max D ' (r) :
jjat?or
Then as sets [ o
G (RY) = G (o)
n2N

We denote byDj,q (RY) the spaceCGt (RY) endowed with the inductive limit topology
ind induced by this construction.
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De nition 6.11  (Condition (D)) .
We say that the setKy | satis es Condition (D) if:
\For any pair k = (Kkg;Kka(r)) 2 Ko there existsk®= (k?;k9(r)) 2 K¢ such that

k) kg + | (wherel is the smallest integer greater than%)
2
K9(r) m_a>|(j(D o)(r)j , 8r 2 RY, for some function q(r) 2 C'(RY)
i

chosen such that 7

() ko(r);8r2RY and
R?, for some function

q
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6.3. Construction of a total subset of test functions.
In this subsection, we provide an outline of the proof of Lemma 4.5 about the
explicit construction of a set E of the kind required in De nition 2.2. For conve-
nience, we give here the proofs only in the case wheh Dgroj (R). The higher
dimensional case follows straightforwardly.

For any n 2 N, let k(" :=(
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where the last equality is due to (38). Since is in some spaceH ) and as (37),
holds, we get that

. .. c k(M)
(40) jhfyp: o 0k fypke ok k o1+ jpi)*t k Ky

k(n)?

k(n)
wherec := dkg">(p 2)k(1n)+lxzs[ugl]q k" (x + y) and so it depends only onk{™; k{";y.
Since - is an approximating identity we get that
[jggk v kn o) = Kka
The latter together with (40) imply that the function Hy,,; « i is uniformly

bounded inp and "
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It remains to construct an increasing sequenced;, ), of positive numbers not quasi-
analytic and such that (41) holds. First note that our requirementds equwalent to
de ne an increasing sequenced,), of positive numbers such that ﬁ =1 % <1

pi
and limp iy #%—: = 0: Indeed, for eachC and for each” > 0 there exist N such

that for all n N holds d, 6 : ¢, and hence alsoC"d, ""c,.

Our p,gpblem reduces to nd, given a decreasing sequences), of positive numbers
ith  —_,a, <1,a decreasmg sequenceby), of positive numbers such that
i=l by <1 andlimg; 5_ 1:

For any k 2 N let us de ne Ni := min f mj !

a, gand also
1 9

n=m
8 0
< X p_ =
b :=min  a, @1+ KA by 1 ;
: k2N : N¢ n !
!
. P p_
with by ;= a9 1+ k . Then
k2N : Ng=0
0 1
s s p_ s s B
b a, @1 + KA an+ k ¥?<1;
n=1 n=1 k2N : Ngx n n=1 k=1

It follows that lim 1 kb, = 0. Then latter together with the de nition ( k),
implies that there exists an in nite subsequence {, ); (hq)n such that
0

p,

8j 2N : by =a, @+ KA :
k2N : Ng n;
For such a subsequence vge have that
!
. _ p_ X p_
(42) 1lim L lim @1+ KA = 1+ =1
I 8, I k2N : Ny n; k=1
Now let us note that for any n 2 N we have either that 2—“ = b"an L b” L or that
P _
ap, 1+ pk
b k2N: Ng n
P
= a
Rn

A bA .p
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