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THE STOKES CONJECTURE FOR WAVES WITH VORTICITY

EUGEN VARVARUCA AND GEORG S. WEISS

Abstract. We study stagnation points of two-dimensional steady gravity

free-surface water waves with vorticity.

We obtain for example that, in the case where the free surface is an injective

curve, the asymptotics at any stagnation point is given either by the \Stokes

corner ow" where the free surface has a corner of 120�, or the free surface ends

in a horizontal cusp, or the free surface is horizontally at at the stagnation

point. The cusp case is a new feature in the case with vorticity, and it is not

possible in the absence of vorticity.

In a second main result we exclude horizontally at singularities in the

case that the vorticity is 0 on the free surface. Here the vorticity may have

in�nitely many sign changes accumulating at the free surface, which makes

this case particularly di�cult and explains why it has been almost untouched

by research so far.

Our results are based on calculations in the original variables and do not

rely on structural assumptions needed in previous results such as isolated sin-

gularities, symmetry and monotonicity.
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1. Introduction

The classical hydrodynamical problem of traveling two-dimensional gravity water

waves with vorticity can be described mathematically as a free-boundary problem
1
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for a semilinear elliptic equation: given an open connected set 
 in the (x; y) plane

and a function  of one variable, �nd a non-negative function  in 
 such that

� 
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the vorticity function , and therefore, as a a consequence of [22], the free surface

of such a wave necessarily has corners of 120� at stagnation points.

The present paper is the �rst study of stagnation points of steady two-dimensional

gravity water waves with vorticity in the absence of structural assumptions of iso-

latedness of stagnation points, symmetry and monotonicity of the free boundary,

which have been essential assumptions in all previous works. We obtain for example

that, in the case when the free surface is an injective curve, the asymptotics at any

stagnation point is given either by the \Stokes corner ow" where the free surface

has a corner of 120�, or the free surface ends in a horizontal cusp,

 = 0

 = 0

Figure 2. Cusp
or the free surface is horizontally at at the stagnation point.
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 > 0

 = 0

Figure 3. Horizontally at stagnation point
The cusp case is a new feature in the case with vorticity, and it is not possible

without the presence of vorticity [23]. It is interesting to point out that Gerstner

[10] constructed an explicit example of a steady wave with vorticity whose free

surface has a vertical cusp at a stagnation point. However, this vertical cusp is due

to the fact that in his example the vorticity is in�nite at the free surface, while in

the present paper we only consider the case of vorticities which are smooth up to

the free surface. We conjecture the cusps in our paper |the existence of which is

still open| to be due to the break-down of the Rayleigh-Taylor condition in the

presence of vorticity.

The second half of our paper is devoted to excluding horizontally at singularities

in the case that the vorticity is non-negative at the free surface. (Horizontally

at singularities are possible if the vorticity is negative at the free surface.) Of

particular di�culty is the case when the vorticity is 0 at the free surface, and may

have in�nitely many sign changes accumulating there.

Let us briey state our main result and give a plan of the paper:

Main Result. Let  be a suitable weak solution of (1.1) (compare to De�nition

3.2) satisfying

jr (x; y)j2 � C max(�y; 0) locally in 
;

let the free boundary @f > 0g be a continuous injective curve � = (�1; �2) such that

�(0) = (x0; 0), and assume that the vorticity function satis�es either j(z)j � Cz,

or (z) � 0, for all z in a right neighborhood of 0.

(i) If the Lebesgue density of the set f > 0g at (x0; 0) is positive, then the free

boundary is in a neighborhood of (x0; 0) the union of two
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that for every non-negative � 2 C10 (D)

�
Z
D

(rmax(u� �; 0) � r� � CD�) dx

=

Z
D

�(�fu>�g�u+ CD) dx�
Z
D\@fu>�g

�ru � � dHn�1 � 0;

provided that jf(u)j � CD in D. Letting � ! 0 and using that u is continuous and

nonnegative in 
, we obtain

�
Z
D

(ru � r� � CD�) dx � 0:

Thus �u+CD is a nonnegative distribution in D, and the stated property follows.

Since we want to focus in the present paper on the analysis of stagnation points,

we will assume that everything is smooth away from xn = 0, however this assump-

tion may be weakened considerably by using in fxn > 0g regularity theory for the

Bernoulli free boundary problem (see [2] for regularity theory in the case f = 0

|which could e�ortlessly be perturbed to include the case of bounded f| and see

[5] for another regularity approach which already includes the perturbation).

De�nition 3.2 (Weak Solution). We de�ne u 2 W 1;2
loc (
) to be a weak solution

of (3.1) if the following are satis�ed:
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Mx0;u(r) = M(r) = I(r)�
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Also observe that letting �! 0 inZ
Br(x0)

ru � rmax(u� �; 0)1+� dx =

Z
Br(x0)

f(u) max(u� �; 0)1+� dx

+

Z
@Br(x0)

max(u� �; 0)1+�ru � � dHn�1

for a.e. r 2 (0; �), we obtain the integration by parts formulaZ
Br(x0)

�
jruj2 � uf(u)

�
dx =

Z
@Br(x0)

uru � � dHn�1 (3.10)

for a.e. r 2 (0; �):

Note also that

I 0(r) = �(n+ 1)r�n�2

Z
Br(x0)

(jruj2 � uf(u) + xn�fu>0g) dx

+ r�n�1xx1
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Lemma 4.4. Let u be a variational solution of (3.1) satisfying Assumption 4.1.

Then:

(i) Let x0 2 
 be such that x0
n = 0. Then the limit Mx0;u(0+) exists and is

�nite. (Note that u = 0 in fxn = 0g by assumption.)

(ii) Let x0 2 
 be such that x0
n = 0, and let 0 < rm ! 0+ as m ! 1 be a

sequence such that the blow-up sequence

um(x) :=
u(x0 + rmx)

r
3=2
m

(4.2)

converges weakly in W 1;2
loc (Rn) to a blow-up limit u0. Then u0 is a homogeneous

function of degree 3=2, i.e.

u0(�x) = �3=2u0(x) for any x 2 Rn and � > 0:

(iii) Let um be a converging sequence of (ii). Then um converges strongly in

W 1;2
loc (Rn).

(iv) Let x0 2 
 be such that x0
n = 0. Then

Mx0;u(0+) = lim
r!/F10 6.9738 Tf 0 -83 -3.615 Td [(+)56 Tf 12.19 3.005 2062 0 Td [(r)]TJ/F10 (=)74d [(J/F10 6.9738 Tf 33.762 -6.155T2964.9813 Tf 4.518 9.9626 Tf.9738 Tf 33.762 -6.155 TJ/F10 6xh[(r)]TJ/n55T2964.9813 Tf 4.51892 Td [(for)-f 33.76276.155 TJ/F10 6xh[(r)]TJ/7 6.9738 [(J/F10 6. 33376 049.9626 ZTJ/F39 9.9626 Tf 12.159.0-22.6 9.9626 BTJ/F3999738 Tf 3.8 Td 15-01 T7[(3)]TJ/F10 6.9738 Tf 3.9710[(n01 T7[(3)]TJ/F8 9.96269.9626 Tf 7.57d [(0[(0)]TJ/F10 6.9738 Tf 3.888 -1.992 Td [(;u)]TJ/F87.9626 Tf 7.575 1.771 Td [(�J -31.409 38 Tf 5.694 3..29.9 Td77[(0)]TJ/F10 6.9738 Tf 0 -6.078 626 Tf.9738+8 9.9626 Tf 8.19 2.463 T576r)]TJ/n55T29648 [(J/F10 6. 36 [(.498 0 Td [�55T2964.9813 Tf 4.50 63 1.49799008 0 T8 9.9626 Tf 8.19 2.4.114 Td [(u)u>J/F10 6.9738 Tf 3.972937(:)]TJ/F39 9.962 0 -83 -3.615 T[(2)]TJ/F1g55T29648 [(J/F10 6. 3241 49799008 0 dx;((iii))-456(L)50.72)51(2.798(�)-27846 Td [( Tf -p Tf articular55T29648 [(J/F10 6. Td06iv))-3]TJ/F6 4.9813 Tf 4.518 1.992 Td [(0)]TJ/F10 6.9738 Tf 3.888 -1.992 3d [(;u)]TJ/F8 9.9626 Tf 7.575 9.771 T3 [((0+))-278(=)-684(lim)4TJ/F10 6.9738 Tf 33.762J/F8 9.9626 Tf 9.42 Td1[(R)]TJ/F10 6.97J/F11 9.9626 Tf1[())]TJ[39 9.9626 Tf -270.3519  Td [(0)]T;TJ/F11 9.9626 Tf 3.872Td [(0)]T+2J/F8 9.9626 Tf 9.419  9[(r)]TJ/7 6.973v))3850.024 0 Td [(u)]TJ/F39 9.962 0 -83 -3.61. E87.438 -24.(0)]626 Tf 8.19 2.46 F10 6.9738 7.575 1.771 Td [((0+))-278(=)-684(lim)]TJ/F10 6.9738 Tf 3 12.1986v41(.)]TJ -31..9626 4.469 1.494 Td9.96269.9626 Tf[(/F8 9.9626 Tf 9.419  97-=9  97-(0)]TJ/F39 9.9626 Tf465.80 6.9738 impliges)-455(that)]TJ/F11 9.9626 Tf-3063.719 -14.346 Td [(u)]TJ/F7 6.9738 Tf 5.703 -1.494 Td [(0)]TJ/F8 9.9626 Tf 7.207 1.494 Td [(=)-278(0)]TJ/F39 9.9626 Tf 771461 0 Td [(in)]TJ/F30 9.9626 Tf 122215 0 Td [(R)]TJ/F10 6.9738 Tf 8.534 3.678 626 Tf.9738F39 9.9626 Tf 8.987  3.678 626 (for)-358962 0auch)-357blow-upr)-358(liiat)]TJ/F11 9.9626 Tf9 8.0f 9.419  (u)]TJ/F7 6.9738 Tf 5.703 -1.494 Td [(0)]TJ/F39 9.9626 Tf 80347 1.494 Td [(of)-358((ii).)]TJ 1618.987 -14.346 Td [(�iv))-358(Thh)-357functioTf.9738+8 9.9626 Tf 7550.(n01 T7[(3)]TJ/]T;TJ/F11 9.9 8.6 63 1.4977!(+)56 Tf 12.19 3.0052.736 Tf 8.19 2.46 F10 6.9738 7.575 1.771.494 Td [x69 1.494 Td9.96269.952.0.9971.494 Td [((0+))-278F39 9.9626 Tf-240 -3.615 Tdis1)-358up6(L)5erh)-357semi(c)51(otinuous1)-358(in)]TJ/F4Td9.96269.9520.29Tf 3.872Tf(+)56 Tf 12.19 3.00278(=(n01 T7[(3)]TJ/]009 38 Tf 5.694 3.771.494 Td [(n)]TJ/F8 9.9626 Tf 8.19 1.494 Td [(=)-278(0)]TJ/F4Td9.96269.9516 Tf 7[(3)]TJ/]009 38 Tf 5.694 3.771.494 Td [(n)]TJ/F8 9.9626 Tf 8.19a992 Td [(;u)]TJ/F8 9.9626 Tf 7 1.494 Td [(of)-3593 iF39 9-6.1550 63 1.49799008 0 T8 9.9626 Tf 80y3626 Tf 8.19a96f 8.19a992 Tf 5.694 3.61550 63 1.49799008 0 T8 9.9626 Tf.494 Td [((0+))-278F361553vm-278(=t)]TJ/F11 9.008 0 T8 9.962608 0 dx;(�a<594 Tdquenc.962608 01Tf 755ba<varia6 Tfal;(�a<5olu6 Tfs;(�a<f 755ba<626 F87 8.19a96f with9a96f nonlin94 Td rity2 Tf 5.694 3.61550 2F10451 Tf 8.19 1.494 T]TJ/F39 9.962 8770500+))-278F361553vm-278(=t)]94 1 0 70502.851 Tf 8.98794 3.a794 3.domai)16 Td [((iv))-35T2962 0auch)-(x)]TJ/F7 T]TJ/F39 9.967/F850500+))-278F361553vm-278(=t)]J/F68 9.008 0 T8 ,794 3.whe278(=)-d [((iv))-3-9 910 6./F1477auch)-(x)]TJ/F7 7TJ/F39 9.967/F850500+& Tf 12.159.0-d [(b)51(e)-358(7s1)-358(in)]TJ319  Td [(0)]T;TJ/F110f 96 0auch)-(x)]TJ/F7 7TJ/F39 9.967/F850500+& Tf 12.159.0-d [(b)51(e)-358(7s1)-358(in)]TJ319  Td 494 Td [((00f 96 0auch)-:::Td [(;u)]TJ/F8 9.9621 07 0auch)-(x319  Td [(0)]T;TJ/F110f 96 0auch)-(x)]TJ/F7 T]TJ/F39 9.967/F850500+))-278F36155u)]TJ/F8 9.9620.335s1 in
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(ii): For each 0 < � <1 the sequence um is by assumption bounded in C0;1(B�).

For any 0 < % < � <1, we write the identity (3.8) in integral form as

2

Z �

%

r�n�1

Z
@Br(x0)

�
ru � � � 3

2

u

r

�2

dHn�1dr

= M(�)�M(%)�
Z �

%

r�n�2K(r) dr: (4.4)

It follows by rescaling in (4.4) that

2

Z
B�(0)nB%(0)

jxj�n�3

�
rum(x) � x� 3

2
um(x)

�2

dx

�M(rm�)�M(rm%) +

Z rm�

rm%

r�n�2jK(r)j dr ! 0 as m!1;

which yields the desired homogeneity of u0.

(iii): In order to show strong convergence of um in W 1;2
loc (Rn), it is su�cient, in

view of the weak L2-convergence of rum, to show that

lim sup
m!1

Z
Rn

jrumj2� dx �
Z

Rn

jru0j2� dx

for each � 2 C1
0 (Rn). Let � := dist(x0; @
)=2. Then, for each m, um is a variational

solution of

�um = �r1=2
m f(r3=2

m um) in B�=rm \ fum > 0g; (4.5)

jrumj2 = xn on B�=rm \ @fum > 0g:

Since um converges to u0 locally uniformly, it follows from (4.5) that u0 is harmonic

in fu0 > 0g. Also, using the uniform convergence, the continuity of u0 and its
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of u0, we obtain that

lim
m!1

Mx0;u(rm) =

Z
B1

jru0j2 dx�
3

2

Z
@B1

u2
0 dHn�1

+ lim
r!0+

r�n�1

Z
Br(x0)

x+
n�fu>0g dx

= lim
r!0+

r�n�1

Z
Br(x0)

x+
n�fu>0g dx:

Thus Mx0;u(0+) � 0, and equality implies that for each � > 0, um converges to 0

in measure in the set fxn > �g as m!1, and consequently u0 = 0 in Rn.

(v): For each � > 0 we obtain from the Monotonicity Formula (Theorem 3.4),

Remark 4.2 as well as the fact that limx!x0 Mx;u(r) = Mx0;u(r
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Proof. Consider a blow-up sequence um
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@fu > 0g is in a neighborhood of x0 a continuous injective curve � : (�t0; t0)! R2

such that � = (�1; �2) and �(0) = x0. Then the following hold:

(i) If M(0+) =
R
B1
x+

2 �fx:�=6<�<5�=6g dx, then (cf. Figure 4) �1(t) 6= x0
1 in

(�t1; t1) n f0g and, depending on the parametrization, either

lim
t!0+

�2(t)

�1(t)� x0
1

=
1p
3

and lim
t!0�

�2(t)

�1(t)� x0
1

= � 1p
3
;

or

lim
t!0+

�2(t)

�1(t)� x0
1

= � 1p
3

and lim
t!0�

�2(t)

�1(t)� x0
1

=
1p
3
:

u > 0

u = 0

Figure 4. Stokes corner

(ii) If M(0+) =
R
B1
x+

2 dx, then (cf. Figure 5) �1(t) 6= x0
1 in (�t1; t1) n f0g,

�1 � x0
1 changes sign at t = 0 and

lim
t!0

�2(t)

�1(t)� x0
1

= 0:
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u > 0

u = 0

Figure 5. Full density singularity

(iii) If M(0+) = 0, then (cf. Figure 6 and Figure 7) �1(t) 6= x0
1 in (�t1; t1)nf0g,

�1 � x0
1 does not change its sign at t = 0, and

lim
t!0

�2(t)

�1(t)� x0
1

= 0:
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u = 0

u = 0

Figure 6. Left cusp

u = 0

u = 0

Figure 7. Right cusp

Proof. We may assume that x0
1 = 0. Moreover, for each y 2 R2 we de�ne arg y as

the complex argument of y, and we de�ne the sets

L� := f�0 2 [0; �
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Remark 4.7. In [23] we used a strong version of the Rayleigh-Taylor condition

(which is always valid in the case of zero vorticity) in order to prove that the cusps

of case (iii) are not possible. Unfortunately we do not have the Rayleigh-Taylor

condition (4.1) in the case with nonzero vorticity, and the method of [23] breaks

down here. Still we conjecture that the cusps in case (iii) are not possible when

assuming the Rayleigh-Taylor condition.

5. Partial regularity at non-degenerate points

De�nition 5.1 (Stagnation Points). Let u be a variational solution of (3.1). We

call Su := fx 2 
 : xn = 0 and x 2 @fu > 0gg the set of stagnation points.

Throughout the rest of this section we assume that n = 2.

De�nition 5.2 (Non-degeneracy). Let u be a variational solution of (3.1).

We say that a point x0 2 
 \ @fu > 0g \ fx2 = 0g is degenerate if

u(x0 + rx)

r3=
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By the proof of Theorem 4.5(ii), the sequence um converges strongly in W 1;2
loc (R2)

to the homogeneous solution

u0(�; �) =

p
2

3
�3=2 cos(

3

2
(min(max(�;

�
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Lemma 6.6. Let r0 > 0 and � > 1. Let

G := f(� cos �; � sin �) : 0 < � < r0; j�j < �=(2�)g:

Let w 2 C2(G) \ C(G) be a superharmonic function in G, such that w(0; 0) = 0

and w > 0 in G n f(0; 0)g. Then there exists � > 0 such that

w(� cos �; � sin �) � ��� cos�� in G;

and in particular

w(�; 0) � ��� for all � 2 (0; r0):

Suppose for a contradiction that M(0+) =
R
B1
x+

2 dx. Then, the assumption

on f and Theorem 4.6 yield the existence of r0 > 0 and � 2 (0; �=6), such that

u is superharmonic in fu > 0g \ Br0
and G n f(0; 0)g � fu > 0g \ Br0

, where

G := f(� cos �; � sin �) : 0 < � < r0; � < � < � � �g. After a suitable rotation, we

may apply Lemma 6.6, obtaining the existence � > 0 such that

u(0; x2) � �x�2 for all x2 2 (0; r0);

where � := �=(� � 2�), so that � < 3=2. But this contradicts the estimate

u(0; x2) � Cx3=2
2 ;

which is a consequence of the Bernstein estimate assumption 4.1. �

Motivated by Remark 6.4, we will focus in the present paper on the case f(0) = 0.

Theorem 6.7 (Frequency Formula). Let u be a variational solution of (3.1) sat-

isfying Assumption 4.1, let x0 be a stagnation point, and let � := dist(x0; @
)=2.

Let

Dx0;u(r) = D(r) =
r
R
Br(x0)

(jruj2 � uf(u)) dxR
@Br(x0)

u2 dHn�1

and

Vx0;u(r) = V (r) =
r
R
Br(x0)

x+
n (1� �fu>0g) dxR

@Br(x0)
u2 dHn�1

:

Then the \frequency"

Hx0;u(r) = H(r) = D(r)� V (r)

=
r
R
Br(x0)

�
jruj2 � uf(u) + x+

n (�fu>0g � 1)
�
dxR

@Br(x0)
u2 dHn�1
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satis�es for a.e. r 2 (0; �) the identities

H 0(r)

=
2

r

Z
@Br(x0)

264 r(ru � �)�R
@Br(x0)

u2 dHn�1
�1=2

�D(r)
u�R

@Br(x0)
u2 dHn�1

�1=2

375
2

dHn�1

+
2

r
V 2(r) +

2

r
V (r)

�
H(r)� 3

2

�
+

K(r)R
@Br(x0)

u2 dHn�1
(6.1)

and

H 0(r)

=
2

r

Z
@Br(x0)

264 r(ru � �)�R
@Br(x0)

u2 dHn�1
�1=2

�H(r)
u

=�H �795 -4.113 Td [(7050)]TJ/F11 9.9626 5471.13 cm
[]0 d 0 J 66262TJ/46 9.091 0 Td [(()]TJ/F11Hr)�.739 Td [(u)]TJ
ET
q
1 0 0 1 335.216 471.13 cm
[]0 d 0 J 0.398 w 0 0 m 101. Tf 3.888 -1-30BT
11 -4.01TJ 6.072 6.83d [(1)-62Vm 101. Tf 3.888 -18.026x0) 0)



24 E. VARVARUCA AND G.S. WEISS

Using the identities (3.6) and (3.7), we therefore obtain that, for a.e. r 2 (0; �),

H 0(r) =

�
2r
R
@Br(x0)

(ru � �)2 dHn�1 � 3
R
@Br(x0)

uru � � dHn�1
�

+K(r)R
@Br(x0)

u2 dHn�1

� (D(r)� V (r))
1

r

�
2r
R
@Br(x0)

uru � � dHn�1 � 3
R
@Br(x0)

u2 dHn�1
�

R
@Br(x0)

u2 dHn�1

=
2

r

 
r2
R
@Br(x0)

(ru � �)2 dHn�1R
@Br(x0)

u2 dHn�1
� 3

2
D(r)

!

� 2

r
(D(r)� V (r))

�
D(r)� 3

2

�
+

K(r)R
@Br(x0)

u2 dHn�1
; (6.3)
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Let Y : (0; r0)! R be given by

Y (r) =

Z r

0

t�n�1

Z
@Bt(x0)

u2 dHn�
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Since, by part (ii), r 7! H(r) is bounded below as r ! 0, we obtain (iii). We

also deduce from (6.16) and part (i) that H(r) has a limit as r ! 0+, and that

H(0+) � 3=2, thus proving (iv).

We now consider (6.2), and deduce from part (i) using (6.15) that, for a.e.

r 2 (0; r0),

H 0(r)� 2

r

Z
@Br(x0)

"
r(ru � �)�R

@Br(x0)
u2 dHn�1

�1=2
(6.17)

�H(r)
u�R

@Br(x0)
u2 dHn�1

�1=2

#2

dHn�1

� �2C0rV (r)� C2r

� �1

r
V 2(r)� C2

1r
3 � C0r; (6.18)

which, together with part (iii), proves (v). �

7. Blow-up limits

The Frequency Formula allows passing to blow-up limits.

Proposition 7.1. Let u be a variational solution of (3.1), and let x0 2 �u. Then:

(i)There exist limr!0+ V (r) = 0 and limr!0+D(r) = Hx0;u(0+).

(ii) For any sequence rm ! 0+ as m!1, the sequence

vm(x) :=
u(x0 + rmx)q

r1�n
m

R
@Brm (x0)

u2 dHn�1
(7.1)

is bounded in W 1;2(B1).

(iii) For any sequence rm ! 0+ as m ! 1 such that the sequence vm in (7.1)

converges weakly in W 1;2(B1) to a blow-up limit v0, the function v0 is homogeneous

of degree Hx0;u(0+) in B1, and satis�es

v0 � 0 in B1, v0 � 0 in B1 \ fxn � 0g and

Z
@B1

v2
0 dHn�1 = 1.

Proof. We �rst prove that, for any sequence rm ! 0+, the sequenceis homo
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Indeed, for any such % and �, it follows by scaling from (6.18) that, for every m

such that rm < �,

Z �

%

2

r

Z
@Br

264 r(rvm � �)�R
@Br

v2
m dHn�1

�1=2
�H(rmr)

vm�R
@Br

v2
m dHn�1

�1=2

375
2

dHn�1 dr

� H(rm�)�H(rm%) +

Z rm�

rm%

1

r
V 2(r) + C2

1r
3 + C0rdr ! 0 as m!1;

as a consequence of Theorem 6.12 (iv)-(v). The above implies that

Z �

%

2

r

Z
@Br

264 r(rvm � �)�R
@Br

v2
m dHn�1

�1=2
�H(0+)

vm�R
@Br

v2
m dHn�1

�1=2

375
2

dHn�1 dr

! 0 as m!1: (7.3)

Now note that, for every r 2 (%; �) � (0; 1) and all m as before, it follows by using

Theorem 6.12 (ii), thatZ
@B2 =2 (0r
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and

(@1~vm)2 � (@2~vm)2 ! (@1v0)2 � (@2v0)2

in the sense of distributions on B� as m!1. It follows that

@1vm@2vm ! @1v0@2v0 (8.4)

and

(@1vm)2 � (@2vm)2 ! (@1v0)2 � (@2v0)2

in the sense of distributions on B� as m ! 1. Let us remark that this alone

would allow us to pass to the limit in the domain variation formula for vm in the

set fx2 > 0g.
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z 2 f(�1=2; 0); (1=2; 0)g. Consider the blow-up sequence vm given by (7.1), and

also the sequence

um(x) =
u(x0 + rmx)

r
3=2
m

:

Note that each um is a variational solution of (4.5), and vm is a scalar multiple of

um. Since xm 2 �u
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N(x0) � 2 such that

vr(x) :=
u(x0 + rx)q

r�1
R
@Br(x0)

u2 dH1
(10.1)

! �N(x0)j sin(N(x0) min(max(�; 0)
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We are going to use a atness-implies-regularity result of [5]. Note that although

not stated in [5], [5, Lemma 4.1] yields as in the proof of [5, Theorem 1.1] that for

each � 2 (0; �0)

max(x � �� � �; 0) � w � max(x � �� + �; 0) in B1 (10.3)

implies that the outward unit normal �w on the free boundary @fw > 0g satis�es

j�w(0)� ��j � C�2:

Note that �w(0) = �(��). Since (10.3) is by (10.2) satis�ed for �� = (1=2;�
p

3=2),

r = r(�) and every su�ciently small � > 0, we obtain that the outward unit normal

�(x) on @fu > 0g converges to �� as x! 0; x1 > 0. It follows that the present curve

component is the graph of a C1-function (up to x1 = x0
1) in the x2-direction.

The remaining statements of the Theorem follow from Theorem 4.6. �
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