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Wavenumber-explicit continuity and coerciv-
ity estimates in acoustic scattering by planar
screens

S. N. Chandler-Wilde and D. P. Hewett

Abstract. We study the classical �rst-kind boundary integral equation
reformulations of time-harmonic acoustic scattering by planar sound-
soft (Dirichlet) and sound-hard (Neumann) screens. We prove continuity
and coercivity of the relevant boundary integral operators (the acous-
tic single-layer and hypersingular operators respectively) in appropriate
fractional Sobolev spaces, with wavenumber-explicit bounds on the con-
tinuity and coercivity constants. Our analysis is based on spectral rep-
resentations for the boundary integral operators, and builds on results
of Ha-Duong (Jpn J Ind Appl Math 7:489{513 (1990) and Integr Equat
Oper Th 15:427{453 (1992)).

Mathematics Subject Classi�cation (2010). 65R20, 35Q60.
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1. Introduction

This paper concerns the mathematical analysis of a class of time-harmonic
acoustic scattering problems modelled by the Helmholtz equation

� u + k2u = 0 ; (1)

where u is a complex scalar function andk > 0 is the wavenumber. We
study the reformulation of such scattering problems in terms of boundary
integral equations (BIEs), proving continuity and coercivity estimates for
the associated boundary integral operators (BIOs) which are explicit in their
k-dependence.

Our focus is on scattering by a thin planar screen occupying some
bounded and relatively open set � � � 1 := f x = ( x1; :::; xn ) 2 Rn : xn = 0g
(we assume throughout that n = 2 or 3), with (1) assumed to hold in the
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domain D := Rn n �. We shall assume throughout that � is a Lipschitz rela-
tively open subset of � 1 (in the sense of [26], viewing � and � 1 as subsets
of Rn � 1). But in fact our continuity and coercivity estimates can be used to
prove analogous estimates for the corresponding BIOs on arbitrary relatively
open or relatively closed � � � 1 (in suitable Sobolev spaces), as is discussed
in [7, 6, 9].

We consider both the Dirichlet (sound-soft) and Neumann (sound-hard)
boundary value problems (BVPs), which we now state. The function space
notation in the following de�nitions, and the precise sense in which the bound-
ary conditions are to be understood, will be explained inx2.

De�nition 1.1 (Problem D). Given gD 2 H 1=2(�) , �nd u 2 C2 (D ) \ W 1
loc (D )

such that
� u + k2u = 0 ; in D; (2)

u = gD; on � ; (3)

and u satis�es the Sommerfeld radiation condition at in�nity.

De�nition 1.2 (Problem N). Given gN 2 H � 1=2(�) , �nd u 2 C2 (D )\ W 1
loc (D )

such that
� u + k2u = 0 ; in D; (4)

@u
@n

= gN; on � ; (5)

and u satis�es the Sommerfeld radiation condition at in�nity.

Example 1.3. Consider the problem of scattering by� of an incident plane
wave

ui (x) := e ik x �d ; x 2 Rn ; (6)

where d 2 Rn is a unit direction vector. A `sound-soft' and a `sound-hard'
screen are modelled respectively by problemD (with gD = � ui j � ) and problem
N (with gN = � @ui =@nj � ). In both casesu represents the scattered �eld, the
total �eld being given by ui + u.

Such scattering problems have been well-studied, both theoretically [30,
29, 32, 17, 18, 23] and in applications [13, 12]. For � � � 1 su�ciently
smooth, it is well known (see, e.g., [30, 29, 32, 23]) that problemsD and N
are uniquely solvable for allgD 2 H 1=2(�) and gN 2 H � 1=2(�). (Many of the
references cited above assume �� � 1 is C1 smooth, or do not explicitly
specify the regularity of �, but in fact unique solvability extends to the more
general Lipschitz case we consider in this paper, as clari�ed e.g. in [7].) Their
solutions can be represented respectively in terms of the single and double
layer potentials (for notation and de�nitions see x
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where �( x ; y ) denotes the fundamental solution of (1),

�( x ; y ) :=

8
>><

>>:

eik jx � y j

4� jx � y j
; n = 3 ;

i
4

H (1)
0 (kjx � y j); n = 2 ;

x; y 2 Rn : (8)

The densities of the potentials are the unique solutions of certain �rst-kind
BIEs involving the single-layer and hypersingular BIOs (again, for de�nitions
seex2)

Sk : ~H � 1=2(�) ! H 1=2(�) �= ( ~H � 1=2(�)) � ;

Tk : ~H 1=2(�) ! H � 1=2(�) �= ( ~H 1=2(�)) � ;

which for � 2 D(�) and x 2 � have the following integral representations:

Sk � (x) =
Z

�
�( x ; y )� (y ) ds(y ); Tk � (x) =

@
@n(x)

Z

�

@�( x; y )
@n(y)

� (y ) ds(y ):

(9)

These standard statements are summarised in the following two theorems.
Here [u] and [@u=@n] represent the jump across � of u and of its normal
derivative respectively.

Theorem 1.4. Problem D has a unique solutionu satisfying

u(x) = �S k [@u=@n] (x); x 2 D; (10)

where [@u=@n] 2 ~H � 1=2(�) is the unique solution of the BIE

� Sk [@u=@n] = gD: (11)

Theorem 1.5. Problem N has a unique solution satisfying

u(x) = Dk [u](x); x 2 D; (12)

where [u] 2 ~H 1=2(�) is the unique solution of the BIE

Tk [u] = gN: (13)

1.1. Main results and outline of the paper

In this paper we present newk-explicit continuity and coercivity estimates
for the operators Sk and Tk appearing in (11) and (13). Our main results are
contained in the following four theorems.

Theorem 1.6. For any s 2 R, the single-layer operatorSk de�nes a bounded
linear operator Sk : ~H s(�) ! H s+1 (�) , and there exists a constantC > 0,
independent ofk and � , such that, for all � 2 ~H s(�) , and with L := diam � ,

kSk � kH s +1
k (�) �

8
<

:

C(1 + ( kL )1=2) k� k ~H s
k (�) ; n = 3 ;

C log (2 + ( kL ) � 1)(1 + ( kL )1=2) k� k ~H s
k (�) ; n = 2 ;

k > 0:

(14)
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Theorem 1.7. The sesquilinear form on ~H �
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very mildly as k ! 1 . This aim is provably achieved in certain cases,
mainly 2D so far; see, e.g., [22, 8] and the recent review [5]. For 2D
screen and aperture problems we recently proposed in [21] an HNA
BEM which provably achieves a �xed accuracy of approximation with
N growing at worst like log2 k as k ! 1 , our numerical analysis using
the wavenumber-explicit estimates of the current paper. Numerical ex-
periments demonstrating the e�ectiveness of HNA approximation spaces
for a 3D screen problem have been presented in [5,x7.6].

Clearly the results in this paper are a contribution to this endeavour. In
particular, Theorems 1.6 and 1.8 provide upper bounds onkSk k ~H � 1= 2 (�) ! H 1= 2 (�)

and kTk k ~H 1= 2 (�) ! H � 1= 2 (�) (with ~H � 1=2(�) and H � 1=2(�) equipped with the
wavenumber-dependent norms speci�ed inx2). Further, as noted generically
above, through providing lower bounds on the coercivity constant , Theo-
rems 1.7 and 1.9 bound the inverses ximat6b5 Td [(�)]TJ/F7 6.9.o5862kas
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H s(Rn ) de�ned by

kuk2
H s

k (Rn ) :=
Z

Rn
(k2 + j� j2)s jû(� )j2 d� : (26)

We emphasize thatk�kH s (Rn ) := k�kH s
1 (Rn ) is the standard norm on H s(Rn ),

and that, for k > 0, k�kH s
k (Rn ) is another, equivalent, norm on H s(Rn ). Ex-

plicitly,

minf 1; ksg kukH s (Rn ) � k ukH s
k (Rn ) � maxf 1; ksg kukH s (Rn ) ; for u 2 H s(Rn ):

(27)
It is standard that D(Rn ) is dense in H s(Rn ). It is also standard (see,
e.g., [26]) that H � s(Rn ) is a natural isometric realisation of (H s(Rn )) � , the
dual space of bounded antilinear functionals onH s(Rn ), in the sense that
the mapping u 7! u� from H � s(Rn ) to ( H s(Rn )) � , de�ned by

u� (v) := hu; vi H � s (Rn ) � H s (Rn ) :=
Z

Rn
û(� )v̂(� ) d� ; v 2 H s(Rn ); (28)

is a unitary isomorphism. The duality pairing h�; �i H � s (Rn ) � H s (Rn ) de�ned
in (28) represents a natural extension of theL 2(Rn ) inner product in the
sense that if uj ; vj 2 L 2(Rn ) for each j and uj ! u and vj ! v as j !
1 , with respect to the norms on H � s(Rn ) and H s(Rn ) respectively, then
hu; vi H � s (Rn ) � H s (Rn ) = lim j !1 (uj ; vj )L 2 (Rn ) .

We de�ne two Sobolev spaces on 
 when 
 is a non-empty open subset
of Rn . First, let D(
) := C1

0 (
) = f u 2 D(Rn ) : suppU � 
 g, and let D � (
)
denote the associated space of distributions (continuous antilinear functionals
on D(
)). We set

H s(
) := f u 2 D � (
) : u = Uj 
 for someU 2 H s(Rn )g;

where Uj 
 denotes the restriction of the distribution U to 
 (cf. [26, p. 66]),
with norm

kukH s
k (
) := inf

U 2 H s (Rn ) ; U j 
 = u
kUkH s

k (Rn ) :

Then D(
) := f u 2 C1 (
) : u = Uj 
 for someU 2 D(Rn )g is dense in
H s(
). Second, let

~H s(
) := D(
)
H s (Rn )

denote the closure ofD(
) in the space H s(Rn ), equipped with the norm
k � k ~H s

k (
) := k � kH s
k (Rn ) . When 
 is su�ciently regular (e.g. when 
 is C0, cf.

[26, Thm 3.29]) we have that ~H s(
) = H s



:= f u 2 H s(Rn ) : suppu � 
 g.

(But for non-regular 
 ~H s(
) may be a proper subset of H s



, see [9].)
For s 2 R and 
 any open, non-empty subset of Rn it holds that

H � s(
) = (ss(
) = (, with respe16 Td [(it)-333(holds)-334(that)]TJ/F11 9.9626 Tf -189.214 -19.527 Td [(H)]TJ/F13 6.9738 Tf 9.091 3.616 Td [(s)]TJ/F8 9.96268Tf 4.258 -3.6 6.185 0 279 106.431 Td  [(H)]TJ/F13 6. 9.9626 Tf 5.423 -4.9626n
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for all � 2 D(Rn ). We then de�ne

[u] :=  + (�u ) �  � (�u ) 2 ~H 1=2(�)

[@u=@n] := @+
n (�u ) � @�

n (�u ) 2 ~H � 1=2(�) ;

where � is any element ofD1;� (Rn ) := f � 2 D(Rn ): � = 1 in some neigh-
bourhood of � g.

The boundary conditions (3) and (5) can now be stated more precisely:
by (3) and (5) we mean that

 � (�u )j � = gD; and @�
n (�u )j � = gN; for every � 2 D1;� (Rn ):

2.3. Layer potentials and boundary integral operators
We can now give precise de�nitions for the single and double layer potentials

Sk : ~H � 1=2(�) ! C2(D ) \ W 1
loc (D ); Dk : ~H 1=2(�) ! C2(D ) \ W 1

loc (D );

namely

Sk � (x) :=


 � (� � k (x ; �)) ; �

�
H 1= 2 (� 1 ) � H � 1= 2 (� 1 ) ; x 2 D; � 2 ~H � 1=2(�) ;

Dk  (x) :=
D

 ; @�
n (� � k (x ; �))

E

H 1= 2 (� 1 ) � H � 1= 2 (� 1 )
; x 2 D;  2 ~H 1=2(�) ;

where � is any element ofD1;� (Rn ) with x 62supp� . The single-layer and
hypersingular boundary integral operators

Sk : ~H � 1=2(�) ! H 1=2(�) ; Tk : ~H 1=
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To evaluate c� c we note that for a function f (x) = F (r ), where r = jx j for
x 2 Rd, d = 1 ; 2, the Fourier transform of f is given by (cf. [15, xB.5]) 4

f̂ (� ) =

8
>><

>>:

Z 1

0
F (r )J0(j� jr )r dr; d = 2 ;

r
2
�

Z 1

0
F (r ) cos(� r ) dr; d = 1 :

(38)

This result, combined with the identities [14, (6.677), (6.737)] and [1, (10.16.1),
(10.39.2)], gives

c� c(� ; xn ) =
i ei j x n jZ ( � )

2(2� )(n � 1)=2Z (� )
;

whereZ (� ) is de�ned as in (32). The representation (33) is then obtained by
Fourier inversion.

The representation (31) for Dk � can be then obtained from (30) by
noting that

@�( x; y )
@n(y)

=
@�( x; y )

@yn
= �

@�( x; y )
@xn

; x 2 D; y 2 � ;

and the representations for Sk and Tk follow from taking the appropriate
traces of (30) and (31).

Finally, (35) and (36) follow from viewing S1
k � and T1

k � as elements of
C1 (Rn � 1) \ S� (Rn � 1) and recalling the de�nition of the Fourier transform
of a distribution, e.g., for Sk ,

(Sk �;  )L 2 (�) =
Z

Rn � 1
S1

k � (~x) (~x) d~x =
Z

Rn � 1

[S1
k � (� ) b (� ) d�

=
i
2

Z

Rn � 1

1
Z (� )

b� (� ) b (� ) d� :

�

4. k-explicit analysis of Sk

Our k-explicit analysis of the single-layer operatorSk makes use of the fol-
lowing lemma.

Lemma 4.1. Given L > 0 let

� L (~x; xn ) :=

(
� c(~x; xn ); j~x j � L;
0; j~x j > L;

(39)

where � c is de�ned as in the proof of Theorem 3.1. Then there exists a
constant C > 0, independent of k, L , � and xn , such that, for all k > 0,

4Strictly speaking, [15, xB.5] only provides (38) for f 2 L 1 (Rd ). But for the functions
f = � c (�; xn ) one can check using the dominated convergence theorem that (38) holds.
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� 2 Rn � 1, and xn 2 R,

j c� L (� ; xn )j
p

k2 + j� j2 �

(
C(1 + ( kL )1=2); n = 3 ;
C

�
log(2 + ( kL ) � 1) + ( kL )1=2

�
; n = 2 :

(40)

Proof. It is convenient to introduce the notation � := j� j, and by C > 0 we
denote an arbitrary constant, independent of k, L , � , and xn , which may
change from occurrence to occurrence. To prove (40) we proceed by estimat-
ing j c� L (� ; xn )j directly, using the formula (38). We treat the casesn = 3 and
n = 2 separately. We will make use of the following well-known properties of
the Bessel functions (cf. [1, Sections 10.6, 10.14, 10.17]), whereBn represents
either Jn or H (1)

n :

jJn (z)j � 1; n 2 N; z > 0; (41)

jH (1)
0 (z)j � C(1 + j logzj); 0 < z � 1 (42)

jH (1)
1 (z)j � Cz� 1; 0 < z � 1 (43)

�
�
�
�H

(1)
1 (z) +

2i
�z

�
�
�
� � Cz� 1=2; z > 0; (44)

jBn (z)j � Cz� 1=2; n = 0 ; 1; z > 1; (45)

B0
0(z) = �B 1(z); z > 0; (46)

d
dz

(zB1(z)) = zB0(z); z > 0: (47)

(i) In the case n = 3, j c� L (� ; x3)j � j I (L )j=(4� ), where

I (L ) :=
Z L

0

eik
p

r 2 + x 2
3

p
r 2 + x2

3

J0(�r ) r dr; for L > 0:

Using (41), we see thatjI (L )j � 1=� , if L � 1=� . If L > 1=� then, integrating
by parts using the relation (47),

I (L ) � I (1=� ) =
1
�

"
r eik

p
r 2 + x 2

3

p
r 2 + x2

3

J1(�r )

#L

1=�

�
1
�

Z L

1=�
r 2eik

p
r 2 + x 2

3

�
ik

r 2 + x2
3

�
1

(r 2 + x2
3)3=2

�
J1(�r ) dr;

so that, substituting t = �r and using (41),

jI (L )j � j I (1=� )j + jI (L ) � I (1=� )j �
3
�

+
1
�

Z �L

1

�
k
�

+ t � 1
�

jJ1(t)j dt: (48)

Using the bound (45) in (48), it follows that

jI (L )j �
3
�

+
C
�

�
kL 1=2

� 1=2
+ 1

�
; L > 0;
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so that

j c� 1(� ; x3)j
p

k2 + � �
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so that

jI 0(L )j �
2

��

 

3 +
Z �L

1

1
t2 dt

!

<
8

��
:

Using these bounds onI 0(L ) and the bound (44) on F1(z), we see that

jI (L )
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since jk2 � j � j2j � 2kj� j + j� j2 � 3k� 2
� , for j� j � � � . Also, for the same choice

of � and all t � 0,

k� k2
~H � t

k (�) �
1

k2t

Z

Rn � 1
j b� (� )j2 d� =

1
k2t

Z

Rn � 1
j b (� )j2 d� � 2k� 2t I (� � );

(54)

for � � su�ciently large. Further, for � � su�ciently large and k > 1,

I (� � ) �
Z

j � j>� �

(2+2 j� j+ j� j2)t j b (� )j2 d� �
Z

j � j>� �

�
1 +

�
�
�
�
k

+ ~d
�
�
�
2
� t

j b (� )j2 d� ;

so that, sincek2 + j� + k~dj2 � k2 + ( � � + k)2 � 5k2� 2
� for j� j � � � ,

k� k2
~H t

k (�) =
Z

Rn � 1

�
k2 +

�
�
� � + k~d

�
�
�
2
� t

j b (� )j2 d� � 6k2t � 2t
� I (� � ): (55)

Combining (53), ( 54) and (55) we see that, for everys 2 R, if � � � 1 is
su�ciently large, there exists C > 0, depending on� � and s but independent
of k, such that

j(Sk �; � )L 2 (�) j � Ck1=2 k� k ~H � ( s +1)
k (�) k� k ~H s

k (�) :

But, on the other hand,

j(Sk �; � )L 2 (�) j = jhSk �; � i H s +1 (�) � ~H � ( s +1) (�) j � k Sk � kH s +1
k (�) k� k ~H � ( s +1)

k (�) ;

so that, for this particular choice of � ,

kSk � kH s +1
k (�) � Ck1=2 k� k ~H s

k (�) ;

which demonstrates the sharpness of (14) in the limit k ! 1 .

Remark 4.3. Theorem 1.6 boundsSk : ~H s(�) ! H s+1 (�) . We can also bound
Sk as a mappingSk : ~H s(�) ! H s(�) . Since k� k ~H s � 1 (�) � k� 1 k� k ~H s (�) for

� 2 ~H s(�) , it follows from Theorem 1.6 that, for kL � 1, k� 1 k�� : ~2 t
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Remark 4.4. We can also show that the bound in Theorem1.7 is sharp in its
dependence onk as k ! 1 . Let 0 6= � 2 D(�) be independent ofk. Then, by
(35), and since b� (� ) is rapidly decreasing ask ! 1 ,

jaD(�; � )j �
1
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De�ning

J := k� k2
~H 1= 2

k (�) =
Z

R n � 1
(k2 + j� j2)1=2j b� (� )j2 d� ;

the problem of proving (17) reduces to that of proving

I � Ck� J; k � k0; (63)

for someC > 0 depending only onk0.
The di�culty in proving (63) is that the factor jZ (� )j in I vanishes when

j� j = k. To deal with this, we write the integrals I and J as

I = I 1 + I 2 + I 3 + I 4; J = J1 + J2 + J3 + J4;

corresponding to the decomposition
Z

Rn � 1
=

Z

0< j � j<k � "
+

Z

k � "< j � j<k
+

Z

k< j � j<k + "
+

Z

j � j>k + "
;

where 0 < " � k is to be speci�ed later. We then proceed to estimate the
integrals J1; :::; J4 separately. Throughout the remainder of the proofc > 0
denotes an absolute constant whose value may change from occurrence to
occurrence.

We �rst observe that, for 0 < j� j < k � " ,

k2 + j� j2

k2 � j � j2
�

k2 + ( k � " )2

k2 � (k � " )2 �
2k2

" (2k � � )
�

2k
�

;

so that

J1 : =
Z

0< j � j<k � "
(k2 + j� j2)1=2j b� (� )j2 d�

=
Z

0< j � j<k � "

(k2 + j� j2)1=2

(k2 � j � j2)1=2
jZ (� )j j b� (� )j2 d�

� c

r
k
"

I 1:

Similarly, for j� j > k + " ,

k2 + j� j2

j� j2 � k2 �
k2 + ( k + ")2

(k + ")2 � k2 �
5k
2"
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4 sin2 (t=2) � t2, so that, for � 1;
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Arguing similarly, again assuming that 0 < " < k= 3, but using (64) and (66)
with the plus rather than the minus sign, gives

J3 : =
Z

k< j � j<k + "
(k2 + j� j2)1=2j b� (� )j2 d� � c

r
k
"

I 4 + c"3kn � 2J:

Combining the above estimates we see that, for 0< " < k= 3,

J = J1 + J2 + J3 + J4 � c

r
k
"

(I 1 + I 4) + c"3kn � 2J;

which implies that

J
�
1 � c"3kn � 2�

� c

r
k
"

I: (67)

Now, given k0 > 0, choose ~c > 0 such that ~c < 1=(2c) and ~ck� (n � 2)=3 � k=3,
for k � k0. Then, for k � k0, setting " = ~ck� (n � 2)=3 in (67), it follows from
(67) that

J � c~c� 1=2 k� � I;

where � = � 1=2� (n � 2)=6. Thus (63) holds, which completes the proof. �

Remark 5.1. We can show that the bounds established in Theorem1.8 are
sharp in their dependence onk as k ! 1 . Let 0 6= � 2 D(�) be independent
of k. Then, by (62), and since aN(�; � ) = ( Tk �; � )L 2 (�) and b� (� ) is rapidly
decreasing,

j(Tk �; � )L 2 (�) j �
1

2
p

2

Z

Rn � 1

p
jk2 � j � j2jj b� (� )j2 d� �

k

2
p

2

Z

Rn � 1
j b� (� )j2 d� ;

(68)

as k ! 1 . Also, for every s 2 R, j(Tk �; � )L 2 (�) j � k Tk � kH s � 1
k (�) k� k ~H 1 � s

k (�)

and

k� k2
~H s

k (�) =
Z

Rn � 1
(k2 + j� j2)s j b� (� )j2 d� � k2s

Z

Rn � 1
j b� (� )j2 d� ; (69)

as k ! 1 . Combining (68) and (69) we see that, for everys 2 R and
C < 1=(2

p
2), it holds for all su�ciently large k that j(Tk �; � )L 2 (�) j �

C k� k ~H 1 � s
k (�) k� k ~H s

k (�) , so that

kTk � kH s � 1
k (�) � C k� k ~H s

k (�) ;

for all k su�ciently large, which demonstrates the sharpness of (16) in the
limit k ! 1 .

Remark 5.2. We can also show that the bound established in Theorem1.9 is
sharp in its dependence onk as k ! 1 , in the casen = 2 . As in Remark 4.2,
let � (~x) := e ik ~d � ~x  (~x),
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independent ofk, so that b� (� ) = b (� ), where � = � � k~d. Since jk2 � j � j2j �
2kj� j + j� j2, and since b� (� ) is rapidly decreasing,

jaN(�; � )j �
1
2

Z

Rn � 1

p
2kj� j + j� j2 j b (� )j2 d� �

k1=2
p

2

Z

Rn � 1
j� j1=2 j b (� )j2 d� ;

(70)

as k ! 1 . Further,

k� k2
~H 1= 2

k (�) =
Z

Rn � 1

�
2k2 + 2k� � ~d + j� j2

� 1=2
j b (� )j2 d� �

p
2k

Z

Rn � 1
j b (� )j2 d� ;

(71)

as k ! 1 . Combining (70) and (71) we see that, for some constantC > 0
independent ofk,

jaN(�; � )j � Ck� 1=2 k� k2
~H 1= 2

k (�) ;

for all su�ciently large k. This demonstrates the sharpness of (17) in the
limit k ! 1 , for the casen = 2 . In the casen = 3 it may be that (17) holds
with the value of � increased from � 2=3 to � 1=2, i.e., to its value for n = 2 .

6. Norm estimates in H 1=2(�)

In this section we derivek-explicit estimates of the norms of certain functions
in H 1=2(�), which are of relevance to the numerical solution of the Dirich-
let boundary value problem D, when it is solved via the integral equation
formulation (11). For an application of the results presented here see [21].

The motivation for the estimates we prove in Lemma 6.1 below comes
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Given an estimate ofkvk ~H � 1= 2
k (�) , an estimate of jI j follows from

jI j = jhw; vi H 1= 2 (�) � ~H � 1= 2 (�) j � k wkH 1= 2
k (�) kvk ~H � 1= 2

k (�) ;

provided we can boundkwkH 1= 2
k (�) . We now do this for the choices ofw noted

above.

Lemma 6.1. Let k > 0, let � be an arbitrary nonempty relatively open subset
of � 1 , and let L := diam � .

(i) Let d 2 Rn with jdj � 1. Then, for s � 0, there existsCs > 0, dependent
only on s, such that

keikd �( �) kH s
k (�) � CsL (n � 1� 2s)=2(1 + kL )s: (73)

(ii) Let x 2 D := Rn n� . Then there existsC > 0, independent ofk, � , and
x, such that

k
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and, using that jF (z)j is monotonic for z > 0,

k~ur � L k2
L 2 (Rn � 1 ) � Ck2n � 4

 

dn � 3jF (kd=2)j2 + L � 2
Z

S5L nSd

jF (kr (~y )) j2d~y

!

� Ck2n � 4dn � 3jF (kd=2)j2 + Ckn � 3L � 2 log(5L=d): (82)

Combining (78) and (80){(82), we see that, for d < 4L ,

kukH 1
k (�) � Ck(n � 3)=2(k + L � 1) log1=2(5L=d)

+ Cd(1 � n )=2 + Ckn � 2d(n � 3)=2jF (kd=2)j: (83)

Now, in the casen = 3, for which jF (kd=2)j � C=(kd), it follows from
(79) and (83), and noting that log1=2(5L=d) � CP3(L=d) � CL=d for 4L > d ,
that

kukH 1
k (�) �

C
d

�
1 + kd P3(L=d)

�
: (84)

For n = 2, F (kd=2) � C log(2+( kd) � 1)(1+ kd) � 1=2 � C(kd) � 1=2, by (42) and
(45). Hence, and by (79) and (83) and as log1=2(5L=d) � CP2(L=d) � CL=d
for 4L > d ,

kukH 1
k (�) �

C
d1=2

�
(kL ) � 1=2 + log(2 + ( kd) � 1) + ( kd)1=2 P2(L=d)

�
: (85)

Part (ii) of the lemma then follows from (76), (84), and (85). �

As an application we use Lemma 6.1 to prove ak-explicit pointwise
bound on the solution of the sound-soft screen scattering problem considered
in Example 1.3.

Corollary 6.2. The solution u of problem D, with gD = � ui j � , satis�es the
pointwise bound

ju(x)j �

8
>><

>>:

C
p

kL
p

1 + kL
�

1
kd

+ P3(L=d)
�

; n = 3 ;

C
p

1 + kL
�

1
p

kd

�
1

p
kL

+ log
�

2 +
1

kd

��
+ P2(L=d)

�
; n = 2 ;

wherex 2 D, d := dist( x ; �) , L := diam � , and C > 0
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