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3 Analysis error for a simple example



3D-FGAT ANALYSIS ERROR 3

term measures how close the identity approximation used
in 3D-FGAT is to the true tangent linear model. The fur-
ther the tangent linear model is from the identity, the larger
this term will become. It is particularly important to note
that for values of � far from unity this term may be arbi-
trarily large and so the analysis error variance at the initial
time may exceed the error variance of the inputs.

In this example we have assumed that the variance
information of the background field is correct at the
centre of the time window. However, by removing the
model evolution of the perturbation, the evolution of the
variance information is neglected, so that the innovations
are weighted incorrectly. For the case where � > 1 so that
the variance grows throughout the assimilation window,
then the innovation at time t0 is over-weighted with
respect to the background and the innovation at time t2 is
under-weighted (with the opposite occurring for � < 1).
It is this incorrect use of the statistical information which
leads to a sub-optimal analysis.

If we consider 3D-Var scheme applied to this system,
so that the observations are assumed to be valid at the
centre of the time window, then the analysis is found to
be no longer unbiased. This arises from the fact that the
innovations are calculated as

d0 = y0 � �xb(t0); d2 = y2 � �xb(t0): (16)

This introduces terms in the expected analysis error
dependent on the change in the true state between observa-
tion times. Terms involving the true state then also occur
in the expression for the variance. Hence we see that 3D-
FGAT theoretically removes a major source of error in
3D-Var, even if the analysis error variance may be large.

4 Numerical results

In order to illustrate the problems associated with the
analysis error for 3D-FGAT we present numerical results
based on the example presented in the previous section
and on a shallow-water model. In practice we may expect
the effect of the 3D-FGAT approximation to depend
on the ratio of �2

b=�
2
o



4 A.S. LAWLESS

4.2 Shallow water model

As a second example we consider a more realistic system,
the one-dimensional nonlinear shallow water system for
the flow of a fluid over an obstacle in the absence of
rotation. The model equations are given by

Du
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@x
;
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�

D�

Dt
+
@u

@x
= 0; (17)

with D=Dt = @=@t+ u@=@x. In these equations �h =
�h(x) is the height of the bottom orography, u is the veloc-
ity of the fluid and � = gh is the geopotential, where g is
the gravitational acceleration and h > 0 the depth of the
fluid above the orography. The system is discretized using
a semi-implicit semi-Lagrangian integration scheme, as
described in Lawless et al. (2003). We define the problem
on a periodic domain of 1000 grid points, with a spacing
�x = 0:01 m between them, so that x 2 [0 m; 10 m] and
assume a model time step �t = 0:0092 s. Other parame-
ters for the problem are as defined in Lawless et al. (2005).

A 3D-FGAT scheme for this system is set up over
a time window [�T; T ], with observations of u and � at
every spatial 292(.)we.92(.)w67(T)]Tr5y
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this component of the error within the assimilation sys-
tem may lead to a sub-optimal analysis, which can cause
an increase in the analysis error even when all other prior
statistical information is correctly specified. It is impor-
tant not to confuse this assumption with the tangent linear
assumption used in 4D-Var. Even in a linear situation the
assumption of 3D-FGAT may not hold.

Although these results have been demonstrated for
simple examples, there is no reason to think that this prob-
lem will disappear as the model becomes more compli-
cated. Rather, the problem may arise whenever the true
tangent linear model matrix is far from the identity. How-
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