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The main concerns in the valuation of options are:

• How much would one pay for this right, i.e. what is the value of an

option?

• How can the writer minimize the risk associated with his obligation?

Options have become extremely popular recently, primarily because they are

attractive to investors, both for speculation and for hedging, and because

there is now a systematic way to determine how much they are worth.

We let E denote the exercise price, i.e the cost of purchasing the option,

and S(T



Figure 1.1: Payoff Diagram for a European Call

exercise, potentially it has a higher value. This report will focus on the valu-

ation of American options, which are mathematically more inte























Figure 2.2: European Option Values with (lower) and without (lower) divi-

dends
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In the case of American options there are some values of S for which it

is optimal from the holders point of view to exercise the American option. If

this were not the case the option would have the same value as the European

option, the Black-Scholes equation would hold for all S.

The valuation of an American option is therefore more complicated than

its European counterpart since we have to determine not only the option

value but also, for each value of S, whether or not it should be exercised.

This is what is known as a free boundary problem. At each time t there

is a particular value of S which marks the boundary between two regions: to

one side one should hold the option and to the other side one should exercise

it.

We denote this value, which varies with time, by Sf (t), and refer to it as

the optimal exercise price.

As we have already observed, since we do not know Sf a priori unlike the cor-

responding European problem, we do not know where to apply the boundary

conditions, and for this reason, the problem is called a free boundary problem.

An American option valuation can be shown to be uniquely specified by

a set of constraints

• the option value must be greater than or equal to the payoff function

• the Black-Scholes equation is replaced by an inequality
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Figure 2.3: c(x,0)

We now have the constraint that c ≥ max(1 − ex, 0). The behavior of f(x),

















The grid used for this numerical scheme is shown in Figure 4.1.

Figure 4.1: Mesh for the finite difference approximation

For an interior point (i, j) on the grid, ∂U
∂S







Where the components of T ,B,d and β are given by

T =
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This function gives the position of each nodal point in terms of the free









- Set τ = τ + ∆τ

END DO

For j = 2 to N − 1 DO

- Solve equation 4.1.24 for x
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The ratio of S/K represents the value of the option, for a given value of S

when the strike price is taken to be 10. The term ’moneyness’ represents the

fact that when the ratio S/K < 1 the value of the underlying stock is less

than the price of the option, and when the fraction S/K > 1 the asset price

has risen above the strike price. Referring to table 6.1 we see that as the vale

of the underlying stock approaches the strike price the option value begins

to increase, and once the stock price actually exceeds the strike, the value of

option rises quickly.

The numerical results from the finite difference method are displayed in col-
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ary. ( To our Knowledge ) Due to time limitations we were unsuccessful in

applying the finite element algorithm to the problem. We were unable to re-

solve the problem caused by the ill-conditioned matrix when evaluating the

velocity potentials.

Concluding, further work is required in formulating the finite element ap-

proach to this problem and finding an alternative method of calculating the

velocity potential . A comparison could then be made between the accu-

racy of the finite difference method we have presented, and the finite element

method that was originally proposed.

66





7 J.Hull Options,Futures, and Other Derivatives. Prentice-Hall Interna-

tional, 2003

8 A. Priestley, A Quasi-Conservative Version of the Semi-Lagrangian Ad-

vection Scheme. Numerical Analysis Report 2/92, University of Read-

ing, 1992.

9 K.Singh, A Comparison of Numerical Schemes for Pricing Bond Op-

tions. Msc Thesis, University of Reading, 1998

10 S.Smith, Submitted PhD thesis, University of Reading, 1996

11 G.D.Smith,Numerical Solution of Partial Differential Equations. Ox-

ford, 1985

12 I.M.Smith,Programming in Fortran 90,John Wiley & Sons, 1995

13 P.Wilmott The Mathematics of Finacial Derivatives. Cambridge 2002.

68




























































































































