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Abstract

The problem of finding good preconditioners for the numerical solution
of a certain important class of indeflnite linear systems is considered.
These systems are of a 2 by 2 block (KKT) structure in which the (2,2)
block (denoted by jC) is assumed to be nonzero.

In Constraint preconditioning for indeflnite linear systems, SIAM J.
Matrix Anal. Appl., 21 (2000), Keller, Gould and Wathen introduced the
idea of using constraint preconditioners that have a speciflc 2 by 2 block
structure for the case of C being zero. We shall give results concerning
the spectrum and form of the eigenvectors when a preconditioner of the
form considered by Keller, Gould and Wathen is used but the system
we wish to solve may have C & 0: In particular, the results presented
here indicate clustering of eigenvalues and, hence, faster convergence of
Krylov subspace iterative methods when the entries of C are small; such
a situations arise naturally in interior point methods for optimization and
we present results for such problems which validate our conclusions.

1 Introduction

The solution of systems of the form

) A BT & X ) c’
B jC y = d ’ @
|—{z—} |{z-}
Ac b

where A 2 R"€" C 2 R™EM are symmetric and B 2 R™E", is often required
in optimization and other various flelds, Section 1.1. We shall assume that
0 < m < n and B is of full rank. Various preconditioners which take the
general form -
_ G BT’

P. = B iC ; 2)
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where G 2 R"E" is some symmetric matrix, have been considered (for example,
see [3, 4, 5, 8, 18, 23].) When C = 0; (2) is commonly known as a constraint
preconditioner [2, 16, 17, 19]. In practice C is often positive semi-deflnite (and
frequently diagonal).

As we will observe in Section 1.1, in interior point methods for constrained
optimization a sequence of such problems are solved with the entries in C gen-
erally becoming small as the optimization iteration progresses. That is, the
regularization is successively reduced as the iterates get closer to the minimum.
For the Stokes problem, the entries of C are generally small since they scale



track solutions to the (perturbed) optimality conditions
rf(x) =BT (x)y and Yc(x) =,.€; (5)

where y are Lagrange multipliers (dual variables), e is the vector of ones,

as the positive scalar parameter ,, is decreased to zero. The Newton correction
(¢x; ¢y) to the solution estimate (x;y) of (5) satisfy the equation [3]:

TAKY) iBT(X) T @x_ irf()+BT(Xy .
YB(XX) C(X) ¢y iYc(x)+,.e ’

where

AXY) = rf(X) i



2 Preconditioning A, by P

Suppose that we precondition A_ by P; where P is deflned in (3). The decision
to investigate this form of preconditioner is motivated in Section 1. We shall
use the following assumptions in our theorems:

Al B 2 R™E" (m < n) has full rank,

A2 C has rank p > 0 and is factored as EDET; where E 2 R™&P and has
orthonormal columns, and D 2 RP£P s non-singular,

A3 If p<m; then F 2 RME(MiP) js such that its columns form a basis for the
nullspace of C and the columns of N 2 RPEMim*P) form a basis of the
nullspace of FTB;

A4 If p=m; then N =1 2 R"&":

Theorem 2.1. Assume that



where x & 0 satisfles Ax = Gx: There is no guarantee that such an eigenvector
will exist, and therefore no guarantee that there are any unit eigenvalues.
If , & 1; then Equation (8) and the non-singularity of C gives

y=(1i,CiBx, x6&0:

By substituting this into (7) and rearranging we obtain the quadratic eigenvalue
problem

- : - ) ¢ ) ¢
' 2BTCcilB j,'G+2B"Ci'B +A+BTCilB x=0: )

The non-unit eigenvalues of (6) are therefore deflned by the flnite (non-unit)
eigenvalues of (9). Note that since BTC 1B has rank m; (9) has2n j (n j m) =
n + m flnite eigenvalues, but at most n linearly independent eigenvectors [22,
Section 3.1]. Hence, Pi1A_ has at most n linearly independent eigenvectors
associated with the non-unit eigenvalues when p = m:

Now, assumption A2 implies that

cil = EDIET,
and, hence, letting w1 = X we complete our proof for the case p = m:

Case 0 <p<m Anyy 2 R™ can be written as y = Ey, + Fyg: Substituting
this into (6) and premultiplying the resulting generalized eigenvalue problem by

2 3
1 0
409 ET 5;
0 FT
we obtain
2 32 3 2 32 3
A BTE|BTF X G B'E|BTF X
4E™B D 0 54y, 5=,4E™B 0 0 54y, 5: (10
FTB 0 ‘ 0 \i FTB 0 ‘ 0 \i

Noting that the (3,3) block has dimension (m j p)£(m j p) and is a zero matrix
in both coe—cient matrices, we can apply Theorem 2.1 from [16] to obtain:

t PilA_ has an eigenvalue at 1 with multiplicity 2(m j p);

t the remaining n j m+2p eigenvalues are deflned by the generalized eigen-
value problem
N A B'E ’ N BTE
E'B D E™B 0

Nw, =, Nwp; (11)

_ £
where N is an (n+p)£(n j m+2p) basis for the nullspace of FTB 0



One choice for N is - i
N = N O
-0 1
Substituting this into (11) we obtain the generalized eigenvalue problem

NTAN NTBTE °~ wn NTGN NTBTE ~ wpn (12)
E"BN iD wh 7 ETBN 0 Wn2

This generalized eigenvalue problem resembles that of (6) in the flrst case con-
sidered in this proof. Therefore, the non-unit eigenvalues of P i1A_ are equal
to the flnite (and non-unit) eigenvalues of the quadratic eigenvalue problem

0 = ,2N"BTED''E"BNwn1 j ,NT(G+2BTED'ETB)Nwp1
+NT(A+BTEDE"B)Nw;: (13)

Since NTBTED*ETBN has a nullspace of dimension n j m; this quadratic
eigenvalue problem has 2(n § m+p) i (n § m) =n j m+ 2p finite eigenvalues
[22].

O

The following numerical examples illustrate how the rank of C dictates a
lower bound on the number of unit eigenvalues. In particular, Example 2.2
demonstrates that there is no guarantee that the preconditioned matrix has
unit eigenvalues when C is nonsingular.

Example 2.2 (C nonsingular).

Consider the matrices

2 3 2 3
10 1 2 01
A.=401 05, P=40 2 05;
1 0 j1 100
so that m = p =1 and n = 2: The preconditioned matrix P llA‘E has elgen/al—

T .

ues at ;2 . 2and 2+ 2; The correslgondlng eigenvectorsare 0 1 O

£
1 O ( 2il) Tand 1 0 i( 2+1) T respectively. The precondi-
tioned system P i1A_ has all non-unit eigenvalues, but this does not go against
Theorem 2.1 because m j p = 0: With our choices of A_ and P; and setting
=[1] and E = [1] (C = EDET), the quadratic eigenvalue problem (13) is
2 1 O £ i 2 + 2 O 11‘[ u1 2 _ 0.
00 ' 02 0 1 u
This quzigratlc elgenvalu%oroblem has three flnite eigenvalues which are , =
=2jij 2and,=2+

1.
21

Example 2.3 (C semidefinite).



Consider the matrices
2

A =§ b

1
sothatm=2;n=2andp =1: The precoBgitioned matriﬂi 1A, has two unit
eigenvalues and a furthertwoat , =2 §j 2and , =2+ 2: There is just one
linearly inde@endent eigen@ctor associated with the unit eigenvector; specifl-
call% thisis 0 0 1 0. ': For the non-unit eigenvalues, the eigenvectors

are 0 1 0 (p§ il Tand 0 1 0 i(p§+ 1) " respectively.
Since 2(m j p) = 2; we correctly expected there to be at least two unit
eigenvalues, Theorem 2.1. The remaining eigenvalues will be deflned by the
quadratic eigenvalue problem (13):
0’ 2o’+10"IT up
1 0 4 0 2 u

[ERN

or o
P OoOr o
cocor
or o
Il
POOY N
oromN
Pk oN o
coor
cor o
UNN W

2 0
>0

1> :0; U2&O;

£ Ve
where D =[lland E = 0 1 " are used as factors of C: This quadratic
eigenvalue problem has three flnite eigenvalues 14uesl = 2



Proof.
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Rearranging we find that we require
W INTGNwn > w NTANw,,

for all wh; & 0: Thus we need only scale any positive deflnite G such that
T T
WgN_ONWn1 . KAK3 for all Nw,, & O to guarantee that (16) is positive for

wl NTNwn;
all wpy such that kwniKyrane = 10 For example, we could choose G = fil;
where fi > kAKS :

Using the above in conjunction with Theorem 2.1 we obtain the following
result:

Theorem 2.5. Suppose that A1{A4 hold and B is as deflned in (15). Further,
assume that A+ B and G+ 2B are symmetric positive deflnite, B is symmetric
positive semideflnite and

n o
min (z'Gz)?+4(z"Bz)(z"Gz+2"Bz j 1):kzky, g =1 >0;  (17)

then all the eigenvalues of PiA_ are real and positive. (Condition (17) is
guaranteed to hold if G = fil; where fi > kAkg :) The matrix P11A_ also has
m j p + i+ J linearly independent eigenvectors. There are

1. m j p eigenvectors of the form 0" y¢ that correspond to the case

p
1;

£
2. i (0 = i = n) eigenvectors of the form w' 0
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TheorEem 2.1 aIS}shows that the eigenvectors corresponding to , & 1 take the

form xT yT ; where x corresponds to the quadratic eigenvalue problem
@ andy = (1 i ,)Clle = (1 j,DIEBNXx (since we can set D = C
and E = 1). Clearly, there are at most n + m such eigenvectors. By our

assumptions, all of the vectors x deflned by the quadratic eigenvalue problem
(9) are linearly independent. Also, if X is associated with two eigenvalues, then
these eigenvalues must be distinct [22]. By setting wn; = X and Wp, =y we
obtain j (0 = j = n+ m) eigenvectors of the form given in statement 3 of the
proof.

It remains for us to prove that the i+j eigenvectors deflned above are linearly
independent. Hence, we need to show that

2 3 2 3
. a® #oa® o 2o
XD eer x® § . Z x@ e x@ § Z §.Z s
0 ¢ttt 0 : o ¢ee & (18)
a-(l) yl yJ (2) O
1

g
implies that the vectors a® and a® are zero vectors. Multiplying (18) by

PilA_; and recalling that in the previous equation the flrst matrix arises from
;21 =1 (I =1;¢te¢;i) and the second matrix from ,; & 1 (I =1;¢¢¢ ;j) gives

2 w3 . 42 @ 2 3
) W g M @ @ -1 0
X;7 Gt X g . 24_ Xy b X § . Zzg . £
0 ¢c¢ 0 : y(2) et y(z) : D9
® 1 ] @@ 0
8 i
(19)

Subtracting (18) from (19) we obtain

2 3 o
. # (9 1)a(2) 0

xP eee x? § é §.Z 0

@ (@)
y 66t y;
1 J (,-52) - 1)3(2) O

w

Some of the eigenvectors x deflned by the quadratic eigenvalue problem (9)
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and
@ @li |(i)k
a =ial+k71_ R I=1;::ke
1 7]

G2 i n%aPciBx® + (P 2@ citBx® =0; I1=1;::k

- @
@ = ial(i)kll'_"(‘;)k and rearranging gives (,? j 1)a® =
is)

@ i 1)a|(i)k forl=1;:::;k:

7 |+k

Substituting in a
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From (25), it may be deduced that either , =1 or wy, = 0: In the former case,
(23) and (24) may be simplifled to
+r A BTE’ G BTE _

Q" gt b M=Q" gy o M (26)

£E_ 7 £ Y .
where Q = M N andw = w! w] : Since Q is orthogonal, the
general eigenvalue problem (26) is equivalent to considering

A BTE W1 _ G BTE W1 (27)
ET™B D Wy, E™B 0 Wy,
£ T . .
where  w] w] & 0ifand only if = 1;and w; 2 R™; wy 2 RP: As

in the flrst case of this proof, nonsingularity of D and F 1 implies t}t

w, = 0: There are m j p linearly independent eigenvectors 07 0T
corresponding to w; = 0; and a further i (0 = i =« n) linearly independent
eigenvectors corresponding tow; & 0and = 1:

Now suppose that , & 1; in which case wy, = 0: Equations (23) and (24)
yield

—T A BTE 1 G BTE "

N ETB D Nw, = ,N ETR 0 Nwp; (28)
- A BTE “_ — T G BTE "— _
M ET B i D NWn + Ryf = » M ET B 0 NWn + R}(f’gg)

The generalized eigenvalue problem (29) deflnes n j m + 2p eigenvalues, where
j (0= j = n jm)of these are not equal to 1 and for which two cases have to
be distinguished. If w, = 0; then (28) and , & 1 imply that y¢ = 0: In this
case no extra eigenvalues arise. Suppose that w, & 0; then, from the proof of
Theorem 2.1, the eigenvalues are equivalently deflned by (13) and

Whn1
(1§ ,)DI'ETBNwp;
Hence, the j (O = j = n j m+2l) epenvectors correspond)g to the non-unit

eigenvalues of P i1A_ take the form ~ 0T wl, wl, yf~ ':
Proof of the Ilnear independence of these elgenvectors follows similarly to
the case of p=m: O

Wn:

Observing that the coe—cient matrices in (10) are of the form of those con-
sidered by Gould, Hribar and Nocedal [12], we could apply a projected precon-
ditioned conjugate gradient method to solve (1) if all the eigenvalues of P 11A_
are real and positive and we have a decomposition of C as in A2. Theorem 2.5
therefore gives conditions which allow us to use such a method. Dollar gives
a variant of this method in which no decomposition of C is required, see [6,
Section 5.5]. The derivation of such a method bears close resemblance to that
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3 Convergence

In the context of this paper, the convergence of an iterative method under
preconditioning is not only in uenced by the spectral properties of the coe—cient
matrix, but also by the relationship between m; n and p: We can determine an
upper bound on the number of iterations of an appropriate Krylov subspace
method by considering minimum polynomials of the coe—cient matrix.

Deflnition 3.1. Let A 2 R(M*MEM*+M): The monic polynomial ¥ of minimum
degree such that f(A) = 0 is called the minimum polynomial of A:

Krylov subspace theory states that iteration with any method with an opti-
mality property, e.g. GMRES, will terminate when the degree of the minimum
polynomial is attained, [21]. In particular, the degree of the minimum polyno-
mial is equal to the dimension of the corresponding Krylov subspace (for general
b), [20, Proposition 6.1].

Theorem 3.2. Suppose that the assumptions of Theorem 2.5 hold. The dimen-
sion of the Krylov subspace K(P 1A _;b) is at most minfn j m+2p+2;n+mg:

Proof. Suppose that 0 < p < m: As in the proof to Theorem 2.1, the generalized
eigenvalue problem can be written as

2 32 3 2 32 3
A B'E|BTF X G B'E|B'F X
4E™B D 0 54y, 5=,4E™B 0 0 54y, 5: (30
FTB 0 [ O Vf FTB 0 | O N4
Hence, the preconditioned matrix P i1A_ can be written as
e - E1 07
buig= b (31)

where the precise forms of £, 2 RM*PEM+P) gnd £, 2 RMiPEM*P) gre
irrelevant.

From the earlier eigenvalue derivation, it is evident that the characteristic
polynomial of the preconditioned linear system (31) is
n in}d—Zp i

i Corm; . ¢
'pitp_ 1 MR PilA_ §.il :
i=1
In order to prove the upper bound on the Krylov subspace dimension, we need to
show that the order of the minimum polynomial is less th@rbir equal to minfn j

m-+2p+2; n+mg: Expanding the polynomial 'P i1A_ j I nim+2p 'Pila_ il

of degree n j m + 2p + 1; we obtain

(£1 i&?i‘:‘lm“p(& i.il) 07,
£, M (£ Lil) 0

¢
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Since the assumptions of Theorem 2.5 hold, £; has a fulléet_of linearly inde-
pendent eigenvectors and is diagonalizable. Hence, (£1 i 1) =" 2P (£1 i »il) =
0: We therefore obtain

i ¢nIVTIRG ¢ 0 0
PiIlA_ il PHAL i .il = Qnj;
- c b~ £, ?='1m+2p (E1i.il) O

c 1

(32)
If £, Qi”:‘{“”p (E1i il
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If%",o;then
AV4
S_1|2 e _{é (—Z—i")
2F + 3 - 2 max 2F ; ¥
o (S0
- 5 . T
= 2 max % ;

If =i° = 0; then the assumption -2 +4%(- j ") , 0 implies that

T2 ..
i-
— . - 0:
2% ¥
Hence,
S g
- 2 — " —
J— -+ i - J—
2f I 2t
C s—
< 2max —; 1 -
2t 1
O
Remark 3.4. The important point to notice is that if f -andf "; then

, ... 1in Theorem 3.3.

Theorem 3.5. Assume that the assumptions of Theorem 2.5 hold, then all the
eigenvalues of P 11A_ are real and positive, and 2(m j p) of them are guaranteed
to be equal to 1. In addition, the eigenvalues , of (13) subject to ETBNu & 0;
will also satisfy

j» i 1j = O(maxfkCk;kG j Ak ID@g)

for small values of kCk:

Proof. That the eigenvalues of P i1A_ are real and positive follows directly
from Theorem 2.5.

Suppose that C = EDET is a reduced singular value decomposition of C;
where the columns of E 2 RMEP are orthogonal and D 2 RPEP is diagonal with
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Premultiplying the quadratic eigenvalue problem (13) by u™ gives
0 = ,2u"Buij,U"NTGNu+2u"Bu)+ (U'NTANu+u"Bu): (33)

Assume that v = ETBNu and kvk = 1; where u is an eigenvector of the
above quadratic eigenvalue problem, then

u"Bu = v Dilyv
2 2 2
vZ v v
= 1472 4...4m
d, ds dm
vTiv

Hence,
1

uTBu
Lett =u"Bu;-=u"NTGNu and " = u"NTANu; then (33) becomes

< kCk:

.+ +"+1=0:

From Theorem 3.3, , must satisfy

“e . P .
,—1+E§,,, - 2 max 21 n

Now - =c NTGN ;" ec NTAN ; where cis an upper bound on kuk
and u are eigenvectors of (13) subject to ETBNu = 1: Hence, the eigenvalues
of (13) subject to ETBNu & 0 satisfy

i, i 1j = O(maxfkCk; kG j Ak p@g)

for small values of kCk: O

The results of this theorem are not very surprising, but basic eigenvalue per-
turbation theorems such as Theorem 7.7.2 in [10] in conjunction with Theorem
2.3 of [16] are weaker than what we have established. Speciflcally, the structure
of our coe—cient matrix and preconditioner means that we are still guaran-
teed to have 2(m j p) unit eigenvalues, whereas the more general eigenvalue
perturbation theorems would only imply that these eigenvalues will be close to
1.

Example 3.6 (C with small entries).
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Suppose that A. and P are as in Example 2.2, but C = [1072] for some
positive real number a: Setting D = [10i3] and E = [1] (C = EDET), the
quadratic eigenvalue problem (13) is

, 102 07 2+2£102 0 1+ 102 o"IT Xy

-~ o0 o - 0 > v 0 1 x, 7O

This quadratic eigenvalue problem has three flnite eigenvalues: , = %;
,=1+10i28§ 10iap1+ 102:

For large values of a; , ... 1+ 10i2 § 10 Z; the eigenvalues will be close to 1.

This clustering of part of the spectrum of P itA_ will often translate into
a speeding up of the convergence of a selected Krylov subspace method, [1,
Section 1.3].

3.2 Numerical Examples

We will carry out several numerical tests to verify that, in practice, our theo-
retical results translate to a speeding up in the convergence of a selected Krylov
subspace method as the entries of C converge towards 0.

Example 3.7.

The CUTET test set [13] provides a set of quadratic programming problems.
We shall use the problem CVXQP2_M in the following two examples. This
problem has n = 1000 and m = 250: \Barrier" penalty terms (in this case fi;
where fi is deflned below) are added to the diagonal of A to simulate systems that
might arise during an iteration of an interior-point method for such problems.
We shall set G = diag(A) (ignoring the additional penalty terms), and C = fil;
where fi is a positive, real parameter that we will change.
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SQMR method doesn’t have an optimality property as was assumed in Sec-
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Figure 1: Comparison of number of iterations required when either (a) P or (b)
P. are used as preconditioners for C = fil with GMRES, PPCG and SQMR
on the CVXQP2_M problem.



GMRES
700
---@
----- (b) ~
600} A
" '
- 1
’¢' "\ '}
- LA Y 4 A\
D 500 o m o e s e e e 3 \‘
S o
5 [
£ 400¢ LIRS
\_ Y
1 1
Y
300} \
) )
1
200 ‘
107" 107 10
a
PPCG
1400
1200
1000
_é 800
©
g 600
T N S =
4004 S
‘/
~/
200} .
O L
107" 10° 10
a
SQMR
1400
---@
----- (b) el
1200} IRE S A
' 4
1
1
@ 1000f R s
9 —_ ‘\' —
E i — T W e PPl o m !
) 1
2 goof v
1
[}
600} v
1
1
tl
400
107 107 10°
(o

21

Figure 2: Comparison of humber of iterations required when either (a) P or (b)
P. are used as preconditioners for C = fil with GMRES, PPCG and SQMR

on the CVXQP2_M problem.
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Figure 3: Number of PPCG iterations when either (a) P or (b) P_ are used as
preconditioners for C = fil on the AUG2DQP problem.

Figure 4: Number of PPCG iterations when either (a) P or (b) P_ are used as
preconditioners for C = fi £ diag(0;:::;0;1;:::;1); where rankC = bm=2c; on
the AUG2DQP problem.
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These examples suggest that during pre-asymptotic iterations of an interior
point method for a nonlinear programming problem, we may need to use a
preconditioner of the form P_; but as the method proceeds there will be a point
at which we will be able to swap to using a preconditioner of the form P: From
this point onwards, we’ll be able to use the same preconditioner during each
iterative solve of the resulting sequence of saddle-point problems.

4 Conclusion and further research

In this paper, we have investigated a class of preconditioners for indeflnite linear
systems that incorporate the (1,2) and (2,1) blocks of the original matrix. These
blocks are often associated with constraints. We have shown that if C has rank
p > 0; then the preconditioned system has at least 2(m j p) unit eigenvalues,
regardless of the structure of G: In addition, we have shown that if the entries
of C are very small, then we will expect an additional 2p eigenvalues to be
clustered around 1 and, hence, for the number of iterations required by our
chosen Krylov subspace method to be dramatically reduced. These later results
are of particular relevance to interior point methods for optimization.

The practical implications of the analysis of this paper in the context of
solving nonlinear programming problems will be the subject of a follow-up pa-
per. We will investigate the point at which the user should switch from using
a preconditioner of the form P_ to that of P during an interior point method,
and how the sub-matrix G in the preconditioner should be chosen.

Acknowledgements

The authors would like to thank the referees for their helpful comments.

References

[1] O. Axelsson and V. A. Barker,



[5]

(6]

[7]

[8]

[9]

[10]

(11]

24

Second University of Naples, December 2004. (To appear in Computation
Optimization and Applications).

H. S. Dollar, Extending constraint preconditioners for saddle point prob-
lems, Tech. Report NA-05/02, Oxford University Computing Laboratory,
2005. (Submitted to SIAM J. Matrix Anal. Appl.).

, Iterative Linear Algebra for Constrained Optimization, Doctor of
Philosophy, Oxford University, 2005.

H. C. ElIman, D. J. Silvester, and A. J. Wathen, Finite Elements and
Fast Iterative Solvers: with Applications in Incompressible Fluid Dynamics,
Oxford University Press, Oxford, 2005.

A. Forsgren, P. E. Gill, and J. D. Griffin, Iterative solution of
augmented systems arising in interior methods, Tech. Report NA-05-03,
University of California, San Diego, August 2005.

R. W. Freund and N. M. Nachtigal, A new Krylov-subspace method
for symmetric indeflnite linear systems, in Proceedings of the 14th IMACS
World Congress on Computational and Applied Mathematics, W. F. Ames,
ed., IMACS, 1994, pp. 1253{1256.

G. H. Golub and C. F. Van Loan, Matrix computations, Johns Hopkins
Studies in the Mathematical Sciences, Johns Hopkins University Press,
Baltimore, MD, third ed., 1996.

N. I. M. Gould, On the accurate determination of search directions for
simple difierentiable penalty functions



25

[17] L. Luksan and J. Vleek, Indeflnitely preconditioned inexact Newton
method for large sparse equality constrained non-linear programming prob-
lems, Numer. Linear Algebra Appl., 5 (1998), pp. 219{247.

[18] I. Perugia and V. Simoncini, Block-diagonal and indeflnite symmet-
ric preconditioners for mixed flnite element formulations, Numer. Linear
Algebra Appl., 7 (2000), pp. 585{616.

[19] M. Rozlozntk and V. Simoncini, Krylov subspace methods for saddle
point problems with indeflnite preconditioning, SIAM J. Matrix Anal. Appl.,
24 (2002), pp. 368{391.

[20] Y. Saad,



